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Representations and Proportional Reasoning in a Problem Solving 
Context 
Rana Aboul Hosn 
ABSTRACT 
Research and experience show that a successful problem-solving teaching and 
learning model needs to include a construction of visual schematic representations 
that show spatial relationships between the different components of the problem. 
Such a model is particularly important when teaching proportions as students find 
difficulty identifying direct and inverse proportionality situations. This study aims to 
investigate whether or not using representations such as tables, graphs, diagrams, 
pictures and number lines extensively and functionally when teaching proportions to 
grade-eight students improves the development of students’ proportional reasoning 
and problem solving abilities. Thirty-four students participated in the study. They 
were taught “Proportions” and “Proportional Reasoning” by the same teacher using 
two differently designed instructional units. The participants were divided into a 
control group of 17 students learning proportions using a standard textbook plan and 
the usual teaching approach, and an experimental group of the same number 
following a plan with greater emphasis on multiple representations as tools for 
thinking and problem solving. Data were collected and analyzed using a mixed-
method design consisting of qualitative and quantitative methods: the qualitative 
method was used to detect the representations employed by the teacher and students 
through class observations, examine the representations used in both the textbook 
and the curriculum, and analyze clinical interviews conducted throughout the post-
test with 24 selected students. On the other hand, an experimental design  was 
implemented to study the students’ success level in solving problems using a pre-test 
and a post-test. Results of the qualitative analysis of the tests show that students in 
the experimental group have developed better understanding of proportionality than 
those in the control group. Moreover, students of the experimental group were able to 
use multiple strategies to approach the problems. Likewise, results of the quantitative 
analysis of the tests point to a significant statistical difference between the mean 
scores of high-achievers as well as average-achievers of the two groups, regarding 
the use of representations as a problem solving strategy, validating the practices 
implemented to teach the experimental group.  
 
Keywords: Proportional reasoning, Representations, Problem solving, Mathematics, 
Middle school. 
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CHAPTER ONE 
INTRODUCTION 
     Visual imagery has long interested researchers and psychologists because of its 
fundamental role in the processing of information while solving problems. Presmeg 
(1986) defines it as an internal representation that provides visual ideas about a 
certain object that is either present or absent. Kay and Lowrie (2001) and Jonassen 
(2003) highlight the importance of visualization in mathematics problem solving; 
they explain that learners store the important concepts as images and they bring them 
back mainly during problem solving which requires a complex level of processing.  
     The idea of representing a mathematical situation is not totally new for either 
teachers or students in the math class since representations are always a part of their 
daily classroom practices; they represent quantities by numbers, geometric figures by 
equations, etc. However the real meaning of a representation lies in the process of 
connecting the represented object to a better-understood one such as the procedure of 
representing numbers by points on a line (Cuoco and Cursio, 2001).   
 "The term representation refers to both process and to products; in other words, to 
the act of capturing a mathematical concept or relationship in some form and to the 
form itself. Moreover, the term applies to processes and products that are observable 
externally as well as to those that occur internally, in the minds of people doing 
mathematics" (NCTM, 2000). 
 
Goldin and Shteingold (2001) explain that mathematical representations do not make 
sense when they are in isolation because they belong to a wider system that is well 
structured and where each of the representations is strongly attached to the other. 
They also add that it is important to differentiate between the two types of 
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representations: the external representations that are signs or collection of symbols, 
characters or objects and the internal representations that are the ideas, images, 
symbols and strategies that are built inside the learner’s mind. The external 
representations excite the senses and call for the idea or the internal representation. 
For that reason, the interaction between the two types of representations is crucial in 
the learning process and teachers need to always be aware of the internal 
representations by choosing the convenient external representations that induce the 
desired thinking and strategies to be used in problem solving. 
1.1 Statement of the Problem  
     Solving math word problems, which requires the use of several mental processes 
and the engagement in different cognitive actions has always been difficult for 
students at elementary and middle school levels. Students find it hard to decode the 
features of  the word problem’s  structure in order to generate the correct solution. 
Many studies have been developed to look over the difficulties that students 
encounter and to find solutions that might promote students’ abilities in problem 
solving. Polya is one of the first researchers who encouraged the development of 
students’ knowledge and skills in problem solving strategies. In his book “How to 
solve it” (1990), he suggested the four-step model (understand the problem, devise a 
plan, carry out the plan, look back and reflect). However, research and experience  
show that applying this model in itself alone doesn’t guarantee the acquisition or 
development of problem solving skills. Boonem et al. (2013) claim that the classical 
practice of  highlighting relational keywords and numbers is not enough for effective 
problem solving but rather a successful problem solving model needs to include a 
construction of visual schematic representations such as diagrams or multiple signs 
showing spatial relationships between the different components of the problem to 
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explain the solution strategy. Moreover, the type of the representation selected has a 
main role in generating the targeted solution such as constructing a pictorial type of 
representations that is considered to be useless in problem solving because learners 
fail to visualize the whole structure of the problem situation and construct a 
representation for a specific element in the text. Reasoning along the same level, 
Jitendra et al. (2014) explain that tackling a problem using “problem schema 
identification, representation, planning, and solution” has shown to be more effective 
in gaining the desired competences. Goldin (2003), Janvier (1978), Perkins & Unger 
(1994), and Smith (2003) confirm that using representations is a main strategy that 
contributes to the acquisition or development of problem solving skills in specific, 
and mathematics learning in general.  
     As a mathematics teacher at the grade eight level, I have noticed that whenever 
the Unit of “Proportions” is approached using situations to be solved with the 
traditional proportion algorithm (writing an equality between two ratios and solving 
it using the cross product method), students find difficulty identifying direct and 
inverse proportionality situations. They fail to write the correct proportion that 
represents the relationship between the different quantities to find the missing value. 
It is assumed that this is mostly due to a lack in proportional and algebraic reasoning.   
     Even when different types of representations are used, whether in the textbook or 
in the teaching practice, they are not used as tools for thinking. They are rather used 
as just displays of information, or “pour la forme”. In some cases, they are used as a 
way of communication and rarely as tools for thinking and problem solving 
     In this study, representations will be implemented extensively and functionally in 
teaching the unit of “Proportions” using a constructivist approach based on problem 
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solving and reasoning that might contribute to the development of learners’ 
proportional thinking and problem solving skills. 
According to Piaget (1978), the individual’s understanding is created upon the 
construction of the knowledge. And this construction is a process that occurs 
gradually in the mind of each individual to build their knowledge about the world. 
Vygotsky (1978) adds that students build their knowledge while interacting socially 
in situations that oblige them to go beyond applying what they know to try other 
tools such as gathering, organization and researching that will be helpful in the 
learning process. Brooks & Brooks (1993) summarize the constructive teaching in 
five principles: 
1. Suggesting a problem that is a subject of interest for students; 
2. Focusing the learning around the big ideas or primary concepts; 
3. Discussing the concepts with the students; 
4. Adapting the curriculum to concentrate on the students conjectures; 
5. Assessing students learning. 
1.2 Purpose 
     The purpose of this study is to investigate whether it is possible to improve 
proportional reasoning and enhance the development of students’ problem solving 
abilities at grade eight level by extensively using and exploiting visual 
representations. 
1.3 Definition of Terms 
     This study implements the following definitions of terms: 
Representations: Cai and Lester (2005) define representations as the tools holding 
both the knowledge and the way of thinking that teachers and students aim to use in 
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order to explain an idea, a relationship, a connection, or a problem-solving process. 
In this study, multiple representations such as tables, graphs, equations and diagrams 
will be used to explain relationships between the different terms of a proportion. For 
example, students can draw a diagram, a graph or a table that will show the 
multiplicative relationship between the values and will help them generate the 
desired solution. Students might also make a generalization to deduce the linear 
function y=ax and use it in the problem solving. 
Proportionality and Proportional Reasoning: Lamon (1995) defines 
proportionality as being an equality between two ratios when the two ratios represent 
the same relationship. As for proportional reasoning, considered by NCTM (2000) as 
the “corner stone” for  middle school mathematics, is defined by Lesh, Post & Behr 
(1988) as “a complex thinking involving a sense of co-variance and multiple 
comparisons and is concerned with inference and prediction involving both 
qualitative and quantitative methods of thoughts.” In grade eight, the proportionality 
unit is divided into two parts: Direct proportionality and Inverse proportionality 
where students are asked to identify each of the situations in a problem solving 
context, make a representation that shows the relationship between the values, use 
reasoning and proportional thinking to write the suitable proportion and find the 
correct solution. 
Problem Solving: Church et al., (2013) consider word problems as being a major 
component of elementary mathematics that helps learners acquire the necessary skills 
for problem solving. They also define problem solving as being a group of 
interconnected processes that are followed to explain and find a solution for a certain 
situation. Direct and Inverse proportionality problems situations will be suggested in 
this study as real-life situations so the concept of proportionality makes more sense 
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for learners. According to Hiebert (1984), students’ understanding of the 
proportionality situations will promote proportional reasoning and enhances the build 
up of the correct solution.      
 1.4 Research Questions 
The study aims to answer the following research questions:  
1. How are the used representations in the Lebanese curriculum and Mathematics 
textbooks at the middle school level designed to assist teachers and learners in 
developing problem solving abilities? What are their status and functions? 
2. How does the implementation of lessons rich in representations induce the 
usage of graphs, tables, diagrams, number lines and pictures by grade eight 
students as problem solving strategies while working on “Proportions”? 
3. What are the types of external representations used by grade eight students in 
solving proportionality problem situations?  
4. How does the extensive use of visual representations enhance grade eight 
students’ Proportional reasoning and  problem solving abilities? 
 
1.5 Significance of the Study 
According to Lester & Kehle (2003), students become successful problem solvers 
when they connect information, prior skills and common  representations to create 
new ones that decode the ambiguity in the features of the original problem situation.  
Representations are not only implemented to make sense of the problem given, 
however they are used at the different stages of problem solving. Students construct 
representations when reading the problem and trying to understand the given 
information, when reasoning and trying to find a solution and finally when 
presenting and expressing the obtained solution. Consequently, representations assist 
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the student in both, reasoning to generate the correct solution and conceptual 
understanding that is essential to explain and communicate the way of thinking while 
solving a problem. Therefore, representations go hand in hand with problem solving 
strategies; they might also verify the strategy to be used in the problem solving 
process. For this reason, both curriculum developers and teachers are advised to 
properly include and implement multiple representations in both curriculum and 
approaches used for any lesson in order to enhance the understanding of the concepts 
and equip students with tools that will contribute to the development of problem 
solving abilities. 
Proportionality , as being an equality between two ratios, is a lot more than a 
computation technique; it is a way of thinking. To understand “Proportionality” 
concepts, students need to build a proportional thinking and develop reasoning 
abilities. Norton (2005) considers “Proportional thinking” as a base for middle 
school mathematics. He explains that it is an essential tool to understand all of the 
other related concepts such as rate, ratio, and proportionality including scale. 
According to Inhelder and Piaget (1958), children use proportional reasoning since 
early age in situations such as equilibrium and shadow size. Moore, Dixon and Heins 
(1991) add that proportional reasoning is almost completely developed at grade six 
level. However, Lamon (1995) argues that introducing proportional reasoning in just 
one chapter at the middle school level is not enough to make the transition from the 
additive to the multiplicative thinking when working on proportions. Karplus et al. 
(1983) noticed a pattern in the mistakes when middle school students are attempting 
to solve proportionality reasoning problems.  
    This study is conducted through the implementation of a developed instructional 
unit to find a solution for the difficulties encountered by students while working on 
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proportions. Consequently, students are expected to develop and extend both their 
proportional reasoning and problem solving abilities. 
Moreover, this study contributes to raising awareness of math teachers towards the 
role that  problem solving plays as an approach to develop mathematical knowledge 
instead of being only a goal for learning mathematics. It also draws teachers’ 
attention towards the  necessity to use multiple representations for the development 
of proportional reasoning and in the acquisition of problem solving abilities. It also 
calls for the restructuring of the curriculum and national textbook through the 
integration of multiple representations as tools for thinking while solving problems, 
not only as means to communicate the mathematical information. Finally, this study 
will be added to the Lebanese literature about mathematics teaching and learning 
through implementing representations as tools for thinking while solving problems at 
the middle school level. 
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CHAPTER TWO 
LITERATURE REVIEW 
     This chapter starts by describing the role of problem solving in learning 
mathematics and the importance of visuals in the learning process in general and 
mathematics education in specific. Then it continues with an explanation of the 
multiple representations such as graphs, diagrams, tables, algebraic expressions, 
number lines and pictures that are used specifically in mathematics and have a great 
effect on students’ acquisition of problem solving skills. After that, a brief summary 
about proportionality basic notions and proportional reasoning is given  in addition to 
an explanation of the difficulties that students face while learning these concepts and 
solving proportionality situations. In the last section, the constructivist approach is 
discussed as assumed to be the most convenient way to address students and enhance 
the acquisition of the proportionality concepts.   
2.1 Problem Solving: Approach, Ability and Assessment 
     Lester et al. (1994) consider problem solving as a main component of  
mathematics education; it helps students construct a deep understanding of the 
concepts and allows them to apply and do mathematics by engaging them in the 
different processes such as exploring, creating, conjecturing, testing and verifying.  
The focus of mathematics education nowadays is no more teaching problem solving 
but teaching through problem solving. Schroeder and Lester, as mentioned in the 
NCTM yearbook (1989), explain that problem solving is not only a goal for learning 
mathematics; it is also an approach to develop mathematical knowledge and 
processes. Any mathematical topic can be addressed through a problem situation that 
contains the key aspects of the subject in focus and that will be solved using 
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mathematical procedures that are developed as logical answers for the suggested 
situation. These same authors add that teaching through problem solving is essential 
in promoting students’ mathematical understanding of concepts, processes and 
techniques. They continue saying that educators need to have students’ 
understanding as their main focus and priority; it needs to be self-generated instead 
of being imposed by a teacher or a textbook. Lester (1985) added that “The primary 
purpose of mathematical problem-solving instruction is not to equip students with a 
collection of skills and processes, but rather to enable them to think for themselves. 
The value of skills and process instruction needs to be judged by the extent to which 
the skills and processes actually enhance flexible, independent thinking”. 
     Kantowski (1977) and Webb (1979) identify two main components that are 
essential to solve mathematical problems: the conceptual knowledge such as facts, 
concepts, principles and algorithms in addition to the processes or mathematical 
heuristics that are used to recall and construct instruction. Webb (1979) explains that 
most instructors put emphasis on the conceptual knowledge aspect of problem 
solving and ignore the processes part. He added that an effective instruction requires 
an interconnection between both components (concepts and processes), knowing that 
the use of some processes such as the pictorial representations is important in 
problem solving beyond existing conceptual knowledge. Resnick (1989) adds that a 
problem solver does not have to be limited to the skills, strategies and knowledge; 
however he needs to be a thinker in any domain by making sense and interpreting 
any situation.  
     Stanic and Kilpatrick (1988) distinguish between two types of problem solving: 
the routine-problems or exercises that are used to practice on a mathematical 
procedure that has been previously demonstrated during explanation and the non-
11 
 
routine problems that are used to practice problem solving as a skill by itself. The 
authors add that students need to be equipped with basic mathematical concepts and 
skills in order to solve both types of problems. According to NCTM (2000), problem 
solving occurs when students find solutions for non-routine problems, in other 
words, when they are engaged in tasks for which the solutions are not known in 
advance. The student will use different strategies and metacognitive knowledge of 
problem solving to reach the solution. 
Schoenfeld (1985) added that some aspects contribute in the development of the 
problem solver ability such as the mathematical knowledge, the knowledge of 
heuristics, the emotional factors that determine the student attitude toward problem 
solving  and leadership skills that assist the student in taking the decision while 
selecting and applying certain strategies in problem solving. 
     According to Watt (2005), measuring students’ performance in the mathematics 
tasks nowadays is no more limited to knowledge correctness. Cohen and Fowler 
(1998) explain that the tools and the strategies used need to be able to assess the 
student’s understanding of a certain concept. NCTM (2000) suggests assessing 
students’ cognitive processes through problem solving tasks by using Polya’s four-
step model (understanding the problem, planning a strategy, carrying out the 
solution, and looking back at the solution). Many other researchers used different 
techniques to assess students’ thinking while solving problems (e.g., Charles, Lester, 
& O’Daffer,1987; Van de Walle et al., 2009). 
Van de Walle et al. (2009) propose the performance rubric that can be either 
prepared by the teacher or adapted as a tool for assessment because of the 
unrestricted nature of problem solving that is not limited to the correctness of the 
answer given by the student.  
12 
 
In a study of African American students’ problem solving performance at the grade 
eight level, Malloy and Jones (1998) adapted a conceptual scoring rubric from 
Charles at al. (1987). The criteria of the rubric concentrate on the process followed to 
reach the solution while solving the problem. The answers of the students revealed 
their conceptual understanding and they were scored based on 0 through 4 points. 
The results showed that the African American students were slightly successful 
however; they were categorized as good problem solvers because of the convenient 
actions that they have used while solving problems such as implementing multiple 
strategies and approaches, verifying and dealing with irrelevant results.  
Another common technique used by researchers, Kantowski (1977), Kilpatrick 
(1967), Lucas (1972), Shulman and Elstein (1975), to assess the cognitive processes 
that students use while solving problems is the “think-aloud” technique. It is a verbal 
protocol that is used to assess problem solving abilities by investigating the cognitive 
processes to reach the ideas and the thoughts of the problem solver. Each of the 
interviews performed through this protocol is audio taped then coded following a 
specific procedure. 
 
2.2 Visuals, Representations and Problem Solving Abilities 
     Children and teens nowadays stay long time in the “mediasphere” (O’Brien, 
2001). They observe, investigate, and generate independently images of their interest 
(Flynt and Brozo, 2010). However, these images that surround children in their daily 
life do not make them visually literate. According to Felten (2008), they need to 
learn basic skills that will allow them to analyze and create visuals that would be 
beneficial in the classroom. Visual literacy was also highlighted by Ausburn and 
Ausburn (1978) as playing a significant role in improving learners’ verbal skills, 
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helping them in ordering their ideas, motivating them, engaging uninterested students 
in the learning process and increasing their self confidence and independence. 
      Hegarty and Kozhevnikov (1999) classified learners into three main categories: 
visualizers who tend to use visual methods, verbalizers who prefer verbal ways of 
expression and students who implement both methods for learning. Ekstrom et al. 
(1976) claims that visual learners have a better performance in mathematical problem 
solving skills since they have a spatial ability that helps them organize the mental 
figures that they build inside their minds. Moreover; Zahner and Corter (2010) 
distinguish between pictorial form and schematic form of visuals. The schematic 
visuals such as the diagrams that illustrate relationships between the different parts of 
the problem proved to be more effective than pictures and icons that describe only 
the physical appearance of the problem. They also add that schematic representations 
favor conceptual understanding that allows learners to apply and use the acquired 
concepts in different situations. 
     According to Kaput (1989), mathematics as a subject is representational in its 
nature because of its richness in symbols and notations. While searching for a 
specific explanation for representations, researchers agreed on the importance of 
distinguishing the material sign from the idea. The material sign or the external 
representation excites the senses and calls for the idea or the internal representation. 
The difference between external and internal representations allows the distinction 
between syntax as being the set of rules for organizing the external representations 
and the semantics which hold their meaning. However, external representations are 
sometimes interpreted syntactically without referring to the internal representation 
involved (Janvier et al., 1993). NCTM (2000) clarifies the function of a 
representation as being “a tool for both communicating information and 
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understanding“. Greeno and Hall (1997) highlight the importance of ‘practicing 
representations’ which is the act of involving students in social practices that ask 
them to use multiple representations such as graphs, tables, arithmetic expressions 
and equations to reason and communicate their understanding while solving a 
problem situation. They add that constructing and interpreting representations 
enhances reasoning and communication that are very important in mathematics. They 
explain that students use representations when solving problems to keep track of the 
patterns they find or analyze a relationship between different values. They construct 
a representation according to a partial understanding that develops as the 
understanding evolves into a more refined representation. They continue saying that 
learners need to neither be provided with answers and explanations nor guided 
towards using one type of representations in order to favor conceptual understanding 
instead of memorization. Brenner et al. (1997) noticed that pre-algebra courses in the 
middle school classes focus on learning and manipulating mathematical symbols 
instead of practicing problem solving skills. These courses promote the learning of 
the technique used to work out the equation involved in problem solving instead of 
creating a certain representation that helps in the understanding of the problem’s 
structure. Limiting algebra learning to symbol manipulation techniques made it 
difficult for students to do the transition step from arithmetic to Algebra; students 
were not able of connecting graphs and tables to their corresponding algebraic forms. 
For this reason, students showed better achievement in symbols manipulation tasks 
than in representations tasks.  
NCTM (2000) recommends fluency in the use of representations while students are 
solving problems. It also advocates teachers to assist learners in exploring 
mathematical concepts and problem solving by using multiple representations. 
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Mainly, students are expected to “create and use representations to organize, record, 
and communicate mathematical ideas; select, apply, and translate among 
mathematical representations to solve problems; and use representations to model 
and interpret phenomena.” Hiebert (1988) suggests several mechanisms that will help 
students to implement easily representational forms in mathematics. First, an 
association needs to be made between the symbols and the objects they represent. 
Then, students need to be able to use symbols to apply a certain procedure that will 
become a routine after practice. After that, the symbols and the procedures will be 
the basis for more developed abstract systems. 
In a study about the role of multiple representations in learning functional 
relationships, Brenner et al. (1997) redesigned an algebra unit and enriched it with 
representations to direct the instruction towards problem representation skills. The 
results of this study showed that representation skills affected learning algebra 
qualitatively; students were able to represent functional relationships in words, 
graphs, tables, etc. and translate between these different representations. Thus 
closing the gap formed between arithmetic and algebra. Lamon (2001) highlights the 
importance of the construction of knowledge by students; she explains that students’ 
representations need to be different from the ones used in class during instruction 
because creating new representations and explanations in new situations reveals 
students’ robust understanding of the concepts.  
2.3 Proportions, Proportional Thinking and Problem Solving 
     Rinehart and Winston (2007) define proportionality as being equality between 
two ratios. Lamon (2012) explains that proportionality involves ratios, fractions, 
percents and proportions; they all describe a relationship between two quantities A 
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and B or variables that are dependent on each other. They either vary directly in a 
direct proportion situation 
A
k
B
 where k is the constant of proportionality (when one 
quantity increases the other increases) or inversely in an inverse proportion situation 
A x B= k (when one quantity increases, the other decreases). She adds that part of 
proportionality understanding is related to the detection of valid and invalid 
transformations. In direct proportionality, the ratio of the two quantities is constant 
and in an indirect relationship, the product of the two quantities is constant. 
 Lamon (1994) also defines a ratio as being a comparative index that shows the 
quantity of one measure with respect to the other. She adds that whenever one of the 
quantities changes the other will change (covariance) however; the relationship 
between the two quantities remains constant (invariance). The understanding of the 
change relationship is revealed whenever the student realizes the change in both 
absolute and relative terms. The notion of a ratio cannot be acquired if the student 
will just realize how much was added to each of the quantities. It is essential for the 
student to think multiplicatively (how many times each quantity increased or 
decreased) which will indicate the acquisition and the development of a relative 
perspective. 
 Vergnaud (1983) distinguishes between two types of relations that are observed 
when two ratios are equal: the scalar and the functional. In the scalar, the values in 
the same measure space are related however in the functional; the relationship is 
between the values of different measure space. Lamon (1994) adds that the two 
previous relationships are important because the proportional reasoning will occur 
either qualitatively or quantitatively.  
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Lamon (2012) states that: “proportional reasoning refers to detecting, expressing, 
analyzing, and providing assertions about proportional relationships. The word 
reasoning further suggests that we use common sense, good judgment, and a 
thoughtful approach to problem solving, rather than plucking numbers from word 
problems and blindly applying rules and operations”. 
She also listed the characteristics of proportional thinkers: 
1. They think in terms of composite units instead of 1-unit. 
2. They are effective problem solvers and they have developed their unique 
strategies for solving. 
3. They have the relative perspective already built up and they can easily 
analyze the quantities that are changing together (covariance). 
4. They do not get frightened when opposed with decimals and fractions as most 
of the students who replace decimals and fractions with whole numbers. 
5. They have the ability to find mentally the convenient divisor and calculate. 
6. They can identify proportionality not only in mathematics problems but also 
in everyday life situations. 
7. They can express their proportional thinking easily using the correct terms. 
8. Seven and eight graders have discovered independently the cross-multiply-
and-divide algorithm because of their good understanding of direct and 
inverse proportionality relationship. 
     Hasemann (1981) and Hiebert (1984) agree that students have difficulties 
understanding proportionality situations because they fail understanding the 
relationship between the different variables. They also find it hard to make the 
connection between the real life situation of a proportion and its corresponding 
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mathematical representation. Norton (2005) explains that students’ difficulty can also 
originate from confusing the addition and subtraction relationship with the 
multiplicative relationship existing between the different variables of a proportion. 
According to Sophian (2000), students have difficulties in solving proportional 
situations because of the way it was instructed to them; they were just taught the 
technique which does not make any sense in isolation. Fisher (1988), in a study 
performed on twenty secondary mathematics teachers to detect the usage of 
proportionality strategies in problem solving, noticed that teachers mostly use the 
cross-multiply-and-divide algorithm who found it to be the easiest and most 
convenient way to express and solve a proportionality situation. The author also adds 
teachers asked for assistance in inverse proportionality situations; it’s either because 
they have never heard of them or because they are not teaching them because inverse 
proportionality is a hard topic for students.  
Canterbury (2007) claims that students need to use representations while solving 
proportionality problems; however students must be provided with a wide variety of 
representations in different previous situations before they are asked to use them 
independently. 
2.4 Constructivist Approach in Teaching and Learning 
      According to Gage and Berliner (1998), the approach focusing on the student 
rather than the teacher, active learning rather than passive learning, constructing 
knowledge rather than imitating learned techniques started to appear by the 
beginning of the 20
th
 century with Vygotsky and many other scholars. Vygotsky 
(1978) adds that students build their knowledge while interacting socially in 
situations that oblige them to go beyond applying of what they know to try other 
19 
 
tools such as gathering, organizing and researching that will be helpful in the 
learning process. While students are communicating their ideas in a learning 
situation, they can discover their own mistakes or the mistakes of others, defend their 
own thoughts or being convinced by others’ beliefs in order to sharpen their thinking 
and construct the needed knowledge (NCTM, 2000). This study is following the five 
principles in the constructivist approach; 1) Posing the problem; 2) Exploring the 
concepts to be studied and making conjectures; 3) Discussing the concepts with the 
class and the teacher; 4) Explaining the concepts to verify the students’ assumptions; 
5) Applying and evaluating the concepts.  
      In conclusion, this study has been developed to address problem solving 
difficulties and find different strategies such as constructing multiple representations 
that are considered effective tools to help learners overcome the complications they 
encounter while trying to find solutions for direct and inverse proportionality 
situations.  
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CHAPTER THREE 
METHOD 
     A mixed-method design consisting of qualitative and quantitative methods is 
applied in this study.  The qualitative method is used to detect the representations 
used by the teacher and students through class observations, examine the 
representations used in both the textbook and the curriculum, and analyze clinical 
interviews conducted throughout the post-test with 24 selected students. The 
quantitative method is used through the pre-test post-test experimental design to 
study the students’ success level in solving problems. 
3.1 Participants 
The participants in this study are conveniently chosen from a Lebanese private 
school in Upper Metn. The school was founded in 1985; it provides education from 
nursery to grade 12 and is considered to be one of the good schools in the area 
according to the official exams results. Students  come  mostly from the school 
surroundings and belong to an average socio-economical class. The curriculum and 
the textbooks used at the school are aligned with the National Lebanese Curriculum. 
The participants are the students of  two grade-eight sections at the middle school 
level made of 17 students each. They will be referred to as CG for the section of the 
control group and EG for the section of the experimental group. As a teacher-
researcher, I took the responsibility for teaching both the experimental group and the 
control group. The two classes are taught “Proportions” and “Proportional 
Reasoning”, using two differently designed instructional units. The work of all the 34 
students is analyzed quantitatively by using the pre-test and the post-test results; 
however, only the work of 12 students from each class is analyzed qualitatively for 
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the purpose of the study. These 12 students from each class are chosen according to 
two criteria: the students’ current average scores in math and the results of a 
diagnostic test (pre-test) performed earlier before any instruction. Twelve students 
from each class are paired according to three levels of achievement: low, average and 
high just after completing individually the post-test. Six pairs will be formed, two 
pairs representing each of the levels.  
3.2 Procedure and Instruments 
     For the purpose of exploring whether using multiple representations extensively 
in teaching mathematics (specifically in the unit on “Proportions”) improves the 
development of students’ proportional reasoning and problem solving abilities at 
grade-eight level, the following procedure is followed:  
1. An observation is done to investigate the types and the functions of the 
representations used by students and teachers in class. 
2. A checklist is used to detect the types and the functions of the representations 
in the Lebanese math curriculum and textbooks at the middle school level. 
3. Students’ current math averages are used in order to make the convenient 
selection of students in each class, distribute them over the three levels of 
achievement (low – average – high) and find the matching pairs between them. 
4. All the 34 students of the two grade-eight sections (Experimental Group and 
Control Group) sit for a diagnostic test before any instruction to verify their 
level of achievement in mathematics in general and problem solving abilities 
(Proportional reasoning) more specifically.  
5. Two different instructional plans for the “Proportions”  unit are prepared for 
the two classes  (control group CG and experimental group EG). The plan for 
CG is designed the usual way, mainly following the text book. As for EG, it 
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follows a plan with greater emphasis on multiple representations as tools for 
thinking and problem solving. 
6. The instructional plan on “Proportions” is implemented similarly in both CG 
and EG regarding objectives, time, quizzes and tests but the teaching 
approaches addressing EG are extensively and functionally using 
representations and shifting among them. 
7. Five teachers are trained into the procedure of following the student pairs 
sitting for the post-test (distribution and collection of materials, videotaping, 
conducting a clinical interview). 
8. After completing the intervention, data is collected through a post-test 
administered to both CG and EG consecutively in two following sessions at the 
same day. The seventeen students of each class sit for a regular test in the exam 
hall under the supervision of the middle school supervisor. Twelve students 
(6pairs) from every class leave the exam hall each to a separate class just after 
they finish working individually on the post-test. Each pair sits for a clinical 
interview under the supervision of one trained teacher.  
3.2.1 Curriculum, Textbook and Class Observation checklists 
     In this study, the representations implemented in the Lebanese curriculum 
document and  “Proportionality” and “Proportional Reasoning” unit in the text books 
at the middle school level are analyzed in terms of: 
 objectives (promote the use of representations: yes/no); 
 context (introductory activity, chapter course, application, problem, other); 
 type of representation (graph, picture, table, equation, number line, diagram, 
other); 
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 use in problem solving (dividing the problem into sub-problems, enhancing 
problem’s description, replacing problem’s description, other); 
 Function with respect to problem solving (helps in understanding the 
problem, enhances a problem solving strategy, helps in carrying out the 
solution, helps in the verification, other); 
 Function with respect to proportional reasoning (promotes the relative 
perspective, helps in detecting  the nature of transformation between the 
quantities: constant ratio, constant product). 
      As for the representations that both teachers and students are already 
implementing in class and the ways they are used to assist learners in acquiring 
proportional reasoning and problem solving abilities, they will be detected through a 
class observation within a week. A checklist will be developed and filled in 
according to the following: 
 context where the representation is used (introductory activity, chapter 
course, application, problem, other); 
 type of the representation used (graph, picture, table, equation, number line, 
diagram, other); 
 use of the representation in problem solving (dividing the problem into sub-
problems, enhancing problem’s description, replacing problem’s description, 
other); 
 function of the representation with respect to problem solving (helps in 
understanding the problem, enhances a problem solving strategy, helps in 
carrying out the solution, helps in the verification, other); 
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 function of the representation with respect to proportional reasoning 
(promotes the relative perspective, helps in detecting  the nature of 
transformation between the quantities: constant ratio, constant product). 
3.2.2 Pre-test 
     This test is developed according to the pre-requisites that students have already 
acquired about the unit on “Proportions”. It is presented to students of both CG 
(Control Group) and EG (Experimental Group) before any intervention is made in 
order to investigate and compare students’ problem solving skills and their ability to 
solve simple proportionality situations. The work of all the 34 students is analyzed 
quantitatively however; the results of this diagnostic test are used to select 24 
students to analyze their work qualitatively. The problems in the Pre-test are aligned 
with the general objectives of the “Proportions” unit  that are listed in the Lebanese 
Math Curriculum at grade-seven level. They are taken from the textbook that is the 
instructional tool adopted by the school for this grade. This diagnostic test 
investigates students’ algebraic skills and their ability to recognize and use 
proportionality in problem solving. 
3.2.3 Post-test 
Students in both groups sit for this test at the end of the Unit on “Proportions” in 
order to investigate and compare the acquisition of the concepts and problem solving 
abilities.  The results obtained from this test help inspect whether the use of multiple 
representations in the unit on “Proportions” has actually improved learners’ 
proportional reasoning and problem solving abilities. 
The problems in the Post-test are aligned with the content objectives of the 
“Proportions” unit  that are listed in the Lebanese Math Curriculum. However, these 
problems are adopted from an American book since it provides a wider variety of 
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problems that encourage in an indirect way the use of representations such as tables, 
graphs, diagrams, pictures, number lines while finding the solution.  
3.2.4 Clinical Interviews 
     According to Piaget, the clinical interview is used to discover a child’s thoughts, 
investigate his/her mental activities and evaluate the level of his/her cognitive 
competence. The technique used in the clinical interview depends on the aim of the 
research that is being conducted. When the research involves the exploration of a 
cognitive process, a naturalistic observation will be used. However; when it aims 
towards the identification of the process which is the case in this study, the 
interviewer will ask the student to answer two main questions that are: “how did you 
get this particular answer?” and “why did you use this method?” (Ginsburg, 1981). 
In this clinical interview, all of the 24 students will be asked to answer the two 
questions mentioned previously while they are completing their post-test. They will 
be required to explain the method that they have used to reach the solution and the 
reason behind using a specific representation (if any) to solve the assigned problem. 
3.2.5 Problem Solving Rubric 
     The “Vermont Elementary and Middle Level Mathematics Problem Solving 
Assessment Guide” (2007) is a scoring guide, developed by the “Vermont 
Department of Education in collaboration with the Vermont Institute for Science, 
Math and Technology”. It is used to assess  different “Problem Solving Criteria” 
such as “Approach and Reasoning”, “Connections” and “Solution”  in addition to 
“Communication Criteria” such as “Mathematical Language”, “Mathematical 
Representations” and “Documentation”. Three criteria were adopted from this rubric 
to assess students’ problem solving in the pre-test and the post-test. The Approach 
and Reasoning criterion that focuses on the process that the students use while 
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solving the problem, the Solution criterion that concentrates on both the answer that 
is obtained in addition  to the work that verifies it and the Representations criterion 
that tracks the usage of representations as tools for communication and problem 
solving. An additional page is added to this tool to explain precisely the scoring of 
each type of the representations used by the students. The answers of the students are 
scored based on four levels of achievement (1 to 4) for the Approach and Reasoning 
criterion and  three levels of achievement (1 to 3) for the Solution and 
Representations criteria.  
3.3 Data Analysis 
     Data are collected and analyzed through a mixed-method that involves both 
qualitative and quantitative methodologies: 
A qualitative method is used to detect the representations used by the teacher and 
students through class observations, examine the representations used in both the 
textbook and the curriculum and analyze clinical interviews conducted throughout 
the post-test with 24 selected students. The data collected from both class 
observation, national textbook and curriculum document is analyzed to check for the 
location where representations are implemented, their types and functions with 
respect to problem solving and proportional reasoning. The clinical interviews 
conducted throughout the post-test with the 24 selected students are recorded in 
videos then transcribed to analyze students’ problem solving abilities according to 
three criteria: approach and reasoning, solution and representations using an 
adapted version of  Vermont Elementary and Middle Level Mathematics Problem 
Solving Assessment Guide (2007). Tables are constructed to analyze the 
achievement of CG and EG in the pre and post tests per ability within the three 
problem solving criteria: approach and reasoning, solution and representations. 
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The strategies used to solve the problems of the pre and post tests are classified into 
writing a Logical Reasoning (LR), Guess and Check (GC), Making a Table (MT), 
Making a Graph (MG), Making a Diagram (MD), Using an Equation (UE), Drawing 
Picture (DP), Working Backward (WB), Using a Simpler Problem (SP), Looking for 
a Pattern (LP) and Finding Number Relations (NR) then they are analyzed in terms 
of effectiveness in demonstrating the problem understanding, indicating proportional 
reasoning and reaching the desired solution. The proportional thinking is analyzed 
through the students’ responses by detecting the relative perspective and the 
multiplicative relationship between the quantities. The strategies involving 
representations such as making diagrams or making graphs are analyzed in terms of  
functions with respect to problem solving and proportional reasoning . 
A quantitative method is implemented to study the students’ success level in solving 
each of the problems in the post-test. It is measured using an adapted version of 
Vermont Elementary and Middle Level Mathematics Problem Solving Assessment 
Guide (2007). This assessment focuses on different problem solving criteria such as 
the approach and reasoning, connections, solution, representations, mathematical 
language and documentation. However, three main criteria are scored: approach and 
reasoning using a scale made up of four levels, representations as well as solution 
using a scale made up of three levels. Means and standard deviations of the scores 
for CG  and EG will be calculated as well for the different groups (low-average-high 
achievers) in each class. Finally t-tests are used to verify the main hypothesis that 
visual representations (independent variable) such as tables, diagrams, equations and 
graphs improve grade eight students’ problem solving skills (dependent variable) 
while working on the chapter of “Proportionality”. One independent t-test is 
measuring the problem solving skills between the pre-test and the post-test and 
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another one is measuring the same dependent variable between the control group and 
the experimental group. 
3.4 Unit Plans Development 
     The unit on “Proportions” is developed by the researcher in two instructional 
plans according to grade eight math national standards and textbook. It covers the 
objectives of the math curriculum related to “Proportions” unit.  
Time Line. Each instructional plan is divided over five sessions lasting 50 minutes 
each and distributed over one week. The time specified for the chapter on 
“Proportions” in the Lebanese math curriculum is five hours which is approximately 
the same as this distribution. It should be noted that both instructional plans for CG 
and EG have the same duration. 
Materials. The book adopted by the school, which is aligned with the national 
standards, is used for CG; however, the activities rich in representations for EG are 
developed by the researcher to meet the purpose of this study. 
Content of the unit and its objectives. By the end of this instructional unit, students 
must be able to: 
 Identify directly and inversely proportional situations; 
 Write mathematical statements expressing two directly or inversely proportional 
quantities; 
 Solve problems involving directly and inversely proportional quantities. 
Distribution of the “Proportions” unit sessions in the two instructional plans. 
The following table summarizes the topics completed over the five sessions. 
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Session Number Topics 
Session 1 Introductory session and review of Ratio, Rate and 
Proportion concepts. 
Sessions 2-3 Directly Proportional Relationship  
Sessions 4-5 Inversely Proportional Relationship  
 
3.4.1 Unit Plan: Control Group ( Appendix C) 
     The instructional plan for the control group follows mostly the textbook activities 
and exercises. However, some modifications are done regarding the review chapter 
and introductory  activities. The review chapter is added to remind students about the 
proportionality concept before introducing  direct and inverse proportionality. One 
introductory activity involving problem solving was added in the direct 
proportionality because there are no activities in the book to introduce this part. 
3.4.2 Unit Plan: Experimental Group (Appendix D) 
     The instructional plan for the experimental group puts more emphasis on four 
main additional points: 1) the student-centered construction of  knowledge; 2) the 
emphasis on improving problem solving abilities; 3) the use of problem solving as a 
context for teaching in learning mathematical concepts; 4) the use of representations 
to improve the problem solving skills. 
Constructive Approach. According to Piaget (1978), the individual’s understanding 
is created upon the construction of the knowledge. This construction is a process that 
occurs gradually in the mind of each individual to build his/her knowledge about the 
world. Vygotsky (1978) adds that students build their knowledge while interacting 
socially in situations that oblige them to go beyond applying  what they know to try 
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other tools such as gathering, organization and researching that will be helpful in the 
learning process. Brooks and Brooks (1993) summarize the constructive teaching in 
five principles: 
1. Suggesting a problem situation that is a subject of interest for students; 
2. Specifying the concepts and the questions to work on; 
3. Discussing the concepts with the students; 
4. Adapting the curriculum to concentrate on the students’ conjectures; 
5. Assessing students’ learning. 
In the “Proportions” instructional unit, a constructivist approach is followed in 
five main phases for each of the objectives: 1) The teacher poses the problem; 2) The 
students explore the concepts to be studied and make conjectures; 3) The students 
with their teacher discuss the concepts; 4) The teacher explains the concepts to verify 
the students’ assumptions; 5) Students apply the concepts that the teacher evaluates 
at the end.  
Problem Solving. Problem solving situations, in the instructional unit plan for the 
experimental group, are used frequently in different  locations such as activities, 
class work and home work practice in addition to the assessments.  Students are 
given time to work in groups or individually to figure out solutions. The results are 
discussed with the class then the students and the teacher create representations that  
help in figuring out the solution. In other sessions, representations in the form of 
tables, pictures, graphs and number lines are interpreted to find solutions for the 
proposed problem situations. In the last session, students are asked to solve problem 
situations as groups and individually using the representations suggested in the 
previous sessions. They are also encouraged to create new representations as well as 
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shift among multiple representations that are supposed to contribute in the solving 
process. 
Representations. Representations, showing extensively and functionally in the 
instructional unit plan for the experimental group, are included in each of the five 
sessions through the teaching/learning process. Representations are not implemented 
only for communicating mathematical information but also as tools for thinking; 
tools that enhance conceptual understanding of proportionality and proportional 
reasoning. Students are asked in each session to read a representation or create one in 
order to reach the desired result while solving a problem situation. Students are also 
encouraged during class discussions to create new representations and shift among 
the different representations that help them in problem solving. 
3.5 Conceptual Analysis of Unit Plans 
     As mentioned previously, the instructional plan on “Proportions” is implemented 
similarly for both CG and EG regarding objectives, time, quizzes and tests but the 
teaching approaches addressing EG are extensively and functionally using 
representations and shifting among them. Below are some examples of activities and 
exercises taken from both unit plans to demonstrate the way by which the 
representations exploited in EG are tools for thinking that favor conceptual 
understanding of proportionality and proportional reasoning.  
3.5.1 Examples from the Unit plan for the  Experimental Group 
Example 1. The following graph shows the relationship between distance and time 
as Glenda swims. 
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a. How far did Glenda swim in 4 seconds? 5 seconds? 
b. Is this a proportional relationship? Explain your answer. 
c. Write an equation that shows the relationship between time and distance. 
d. Use your equation to find how long it will take in minutes for Glenda to swim 
1mile or 5280feet. 
Example 2. Meryl wants to make a rectangular garden with an area of 16 m
2
. 
a) Draw up a table to show a few possible length and width measurements of the 
garden bed.  
b) Do the measurements have to be whole numbers? Explain.  
c) Draw a graph to show the relationship between the length and the width of 
the garden bed.  
In Example 1, the problem information is given in a graph that shows a linear 
relationship between two defined quantities. Students answering the first question 
will notice the change between the quantities: 4 sec→ 8ft; 5sec→10ft then in the 
second question, they notice the equality in the rate of change: 4x2=8; 5x2=10 and 
deduce that the quantities are proportional. In the third question, students will use the 
graph to represent the relationship between the quantities in an equation: y= 2x. At 
the last question, students will use the equation to find x. This problem partition 
helps students’ acquiring the skill of using a graph and an equation to detect 
proportionality and find missing values.  
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In Example 2, a problem situation is proposed in a text. The first question requires 
the construction of a table containing possible values for the garden dimensions. The 
second question is asked to help the student widen his thinking about the possible 
values that the dimensions of this rectangle can have. In the last question, students 
are asked to represent the relationship between the values in a graph. 
This exercise helps students acquire the skill of using a table when multiple values of 
different quantities are presented in a problem. This table helps students realize the 
variation of the values; it also allows them to find other values after finding the 
relationship that connects them. The graph drawn in the last question is also a tool 
for thinking while solving the problem; students can use it to find different values 
that correspond to the dimensions of the rectangle. Students can also use the graph to 
study the variation of the values corresponding to the length and width (when one 
increases, the other decreases at the same rate). 
3.5.2 Examples from the Unit plan for the Control Group 
Example 1. The manager at Gymbo Gym suggested a personal training job for the 
coaches after work.  
 For every 2 extra hours, $100 will be paid. 
 For every 4 hours, $200. 
 For every 6 hours, $300.  
a. Is it a proportionality sequence? Explain. 
b. Calculate the proportionality coefficient. 
c. Write a proportion to calculate the money earned in 5 hours. 
Example 2. a) In each of the following cases, are the magnitudes x and y inversely 
proportional? If yes, complete the following: x.y= ----; y= ---/x 
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b) Calculate the numbers a and b knowing that a, b and 6 are inversely proportional 
to 2, 4 and 3. 
In both examples, the given and the questions invite the use of learned procedures in 
order to find the answers. Students will calculate the ratio of each two values to 
detect proportionality and  write a procedural technique to find the missing values. 
Proportional reasoning is not required ; it is true that students know that a constant 
ratio determines direct proportionality but it’s not necessary that they have developed 
a relative perspective. It should be noted that the representations used in the second 
example are just serving as communication tools to facilitate detecting “constant 
ratio” or “constant product”. 
3.6 Analysis of Pre-test and Post-test 
3.6.1 Pre-test Items 
The general objectives of the “Proportions” unit for grade seven, as stated in the 
Lebanese curriculum documents are: 
 Identify a proportionality situation; 
 Calculate the fourth proportional; 
 Use the calculation of the fourth proportional in problem solving; 
According to Lamon (2006), problems requiring proportional reasoning are of 
two types: missing value where three values are given and students need to find the 
third and comparison problems where four values are given and students need to find 
if the two ratios formed are equivalent. The pre-test is made of four problems 
targeting three different contexts of direct proportionality: price and cost, scale and 
X 1 0.1 0.2 0.3 0.5 
Y 65 6.5 13 19.5 32.5 
X 1.5 2 4 3 9 
Y 3 8 16 6 18 
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speed. They will be referred to as Pre-cost/benefit 1 for the first problem, Pre-
cost/benefit 2 for the second, Pre-scale for the third and Pre-distance/time for the 
fourth. The problems one, two and three are missing-value problems where students 
are asked to find the fourth value in the proportion. In the fourth problem, students 
are asked to make a decision concerning the speed of a car. Many strategies might be 
used by the students to reach the correct solution in all of the four problems. Lamon 
(2006) claims that the “building up strategy” is one of the ways that children use 
instinctively to start reasoning. In this strategy students use the problem given to 
build a ratio and expand it to another ratio using addition. The mastery of this 
strategy doesn’t guarantee the use of more effective strategies that will empower 
proportional reasoning but sets the stage by gaining an experience in reasoning to 
solve more developed problems involving direct and inverse proportionality 
relationships. The well planned and developed reasoning gained by students 
throughout their experience allows them to deduce the traditional algorithm that is 
most of the times imposed on students to solve proportionality problems without any 
intermediate reasoning. Six of the most known strategies will be explained by using 
“Problem One” as an example. However, many other strategies might be encountered 
if students have already developed proportional thinking. Lamon states that ratio 
tables and other processes such as multiplying by 2,5,10 and 100 or multiplying by 
the number in the denominator in case of a fraction or using multiples and divisors 
wisely, etc. are all useful strategies that can be used and will demonstrate 
proportional reasoning. 
Problem one is a missing-value proportionality problem having price and cost as a 
context,  
Three CD’s cost 21,000 L.L. 
What is the price of 12 CD’s? 
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Students can use different strategies to find the missing value: 
 If students have a good understanding of proportional relationship, they 
might use the typical proportionality algorithm which is setting up a 
proportion and use the cross product. 
Let y be the cost of 12 CD’s. 
3 12
21000 y

 
12 x 21000 = 3y 
 
12x21000
y
3
  
 
y=84000  
 
The price of 12 CD’s is 84000 L.L. 
 
 
 Students show a sense of covariance when they use the multiplicative 
relationship between the quantities (horizontally or vertically). 
Let y be the cost of 12 CD’s. 
3            x4                 12                                  3                           12       
                                                                            x7000                   x7000 
21000    x4                   y                                 21000                     y 
 Students show also a sense of covariance when they find the unit rate 
which is also a multiplicative relationship between the values. 
3 for 21000 
1 for 7000 
12 for 84000 
 Use the “build-up” strategy called also “looking for a pattern” or “making 
a list”. This strategy as mentioned previously doesn’t guarantee 
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proportional reasoning because students might be using addition to reach 
their answer. 
3 for 21000 
6 for 42000 
3 for 21000 
3+6+3 for 21000+42000+21000 
12 for 84000 
 Use the equivalent fractions strategy. This strategy shows that students 
identify and use the multiplicative relationship between the variables. 
3 12
21000 y
  
3x4=12 and 21000x4=84000 
 Use the equivalence class strategy. This strategy also shows the 
development of the covariance sense. 
3 6 12
21000 42000 84000
   
3.6.2 Post-test Items 
At the end of this unit, grade eight students need to be able to: 
 Use a problem situation to identify directly and inversely proportional 
quantities; 
 Express a problem situation in a mathematical statement representing either 
two directly proportional quantities or two inversely proportional quantities; 
 Solve problems involving directly and inversely proportional quantities; 
The post-test consists of four problems. They will be referred to as Post-scale for 
the first problem, Post-cost/benefit for the second, Post-work/time for the third and 
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Post-rectangles/time for the fourth. Problems one and four describe a directly 
proportional relationship and problems two and three describe an inversely 
proportional relationship. Students are expected to use different representations to 
find the solution in both cases. 
3.6.2.1 Directly Proportional situations 
Problem one is a missing-value proportionality problem, 
The distance between two cities is 2400 km. They are shown to be 12cm apart on a 
map.  
What is the actual distance between two cities that are shown to be 18cm apart on 
the map?  
 
Students can use any method or one of the six methods modeled previously in the 
solution of problem one of the pre-test that are: cross product algorithm, unit rate 
strategy, factor of change strategy, equivalent fractions, equivalence class, build-up 
strategy. Students of the experimental class are supposed to implement 
representations  The factor of change strategy might be illustrated in a diagram 
(horizontal or vertical) as shown below. 
 
Let x be the real distance. 
 
                    Horizontal                                                        Vertical 
Map Distance                       Real Distance                     Map Distance                 
Real Distance 
12cm                               2400km                            12cm                          2400km    
                                                                                                                                            
18cm                               x = 18 x 200 =3600         18cm      x = 2400 x 1.5 = 3600 
 
x200 
x200 
x1.5 x1.5 
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Besides, the organization of the values in the table favours the understanding of the 
values relationship to write the convenient proportion and find the missing term.  
 
Map Distance (cm) 12 18 
Real Distance (km) 2400 x 
 
Problem four requires the identification of a directly proportional situation, 
The diagrams show the amount of hay eaten by a horse made from rectangles,  
How many rectangles does a horse eat in 8 weeks? 
 
 
 
 
 
Students might either use one of the six ways modeled in problem one of the pretest or 
arrange the data in a table and detect the multiplicative relationship between the 
values, deduce that y=ax. They can also plot the data on a graph and notice the straight 
line formed that indicates the proportionality relationship between the values. The 
graph helps them also find any other missing value. They might also draw other 
representations like number lines or pictures that will help them reach the right 
answer. 
 
 
 
          
          
          
2 weeks 
4 weeks 
6 weeks 
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3.6.2.2 Inversely proportional situations 
Problem two is a missing-value proportionality problem, 
It takes 16 hours for 2 people to resurface a gym floor.  
How long would it take 6 people to do the job? (All workers work at the same 
speed). 
Students might use the following strategies to solve the problem: 
 Factor of change Strategy: 
Let x be the time needed to do the job.                                                                  
Number of Workers       Time needed                
2                                          16 hours                            
                                                                                                                                           
6                                         x = 16 ÷ 3 = 5 hrs 18min  
               
 Follow the typical proportionality algorithm which is setting up a proportion 
and use the cross product. 
2 6
1 1
16 x
1 1
2x 6x
x 16
2 6
x 16
6x 2x16
2x16
x
6
16
x
3
x 5hrs18min







 
Besides, the organization of the values in the table favours the understanding of the 
values relationship to write the convenient proportion and find the missing term.  
 
x3 ÷3 
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Number of workers 2 6 
Time Needed (hours) 16 X 
 
6x 2x16
2x16
x
6
16
x
3
x 5hrs18min



  
 
Problem Three requires the identification of an inversely proportional situation, 
     Imagine you won the lotto and the prize was €1,000,000. You don’t know how 
many other people also had the winning numbers so you are speculating on how 
much you will collect. If you are the only winner then you collect €1,000,000. 
However, if there are 2 winners you collect €500,000. Find the amount of money 
collected if there are 8 winners. 
Students might either arrange the data in a table and detect the inverse multiplicative 
relationship between the values, deduce that y=a/x or simply write the proportionality 
algorithm to find the solution. They can also plot the data on a graph and notice the 
inverse variation between the values. The graph helps them also find any other missing 
value. Students might also use any other procedure such as using convenient multiples 
and divisors or using visuals such number lines to reach the desired solution. 
3.7 Time Frame 
     After the analysis that detects the types and functions of the representations used 
by teachers and students in class in addition to the ones used  in the Lebanese 
curriculum and textbooks at the middle school level, one week is settled for the 
students to sign consent forms, complete and collect data from the diagnostic test. 
Another week is allocated for the intervention (five sessions of 50 minutes each) and 
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data collection through the post-test at the end of the chapter explanation. After that, 
the data is compiled and analyzed  through qualitative and quantitative methods.  
3.8 Validity and Reliability 
     In this experimental design, the checklists detect the use of representations in both 
curriculum/textbooks and classroom activities, the pre-test compares the base-line 
level of students’ mathematics problem solving achievement and the proportional 
reasoning for both Class 1 and Class 2 and the post-test evaluates whether the use of 
multiple representations enhances the development of students’ problem solving 
abilities. The class observation checklist, the pre-test, the post-test and the book and 
curriculum review checklist are developed by the researcher according to the study 
needs. Moreover, the content of each of the tests is consistent with the material 
delivered in class throughout the different activities to ensure the reliability of the 
scores that will be collected.  
 
 
 
 
 
 
 
 
43 
 
CHAPTER FOUR 
FINDINGS 
     The following chapter starts with a description of the methods that will be used 
for analyzing the data. Then, it continues with descriptive analyses for the results 
obtained from class observations, curriculum document,  national textbook and 
students’ pre-tests and post-tests regarding the types and functions of the 
representations used.  Afterwards, the results from the quantitative analysis of the pre 
and post-test scores as whole and stratified samples are presented according to the 
three achievement levels. Finally, the changes in students’ problem solving abilities 
regarding approach and reasoning, solution and representations according to the 
Vermont Elementary and Middle Level Mathematics Problem Solving Assessment 
Guide (2007), in addition to the types of representations used in the pre and post-tests 
are analyzed qualitatively. 
4.1 Qualitative Analysis 
   In this section, qualitative analyses of the class observations, curriculum document 
and national textbook are presented. Afterwards an analysis of the tests done by the 
students’ pairs corresponding to the three levels of achievement is completed in 
terms of  problem solving criteria in addition to types and functions of the 
representation used. 
4.1.1 Methods for qualitative analysis 
     The methods of analysis used for class observations, textbook, curriculum, pre 
and post-tests are summarized below: 
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Class Observations. Data collected by means of a checklist from class observations 
are analyzed in terms of the context where representations are introduced in addition 
to the types and functions of representations used with respect to both problem 
solving and proportional reasoning. 
Textbook/ Curriculum. In the same way as the class observations, representations 
presented in both curriculum and textbook are analyzed, pertaining to context, types 
and functions. 
Pre-tests/ Post-tests. Data collected from the tests with 24 students representing the 
three levels of achievement (low, average and high) are analyzed qualitatively 
according to three problem-solving criteria: approach and reasoning, solution and 
representations defined in the implemented rubric (Appendix G). For each 
achievement level (low, average and high), different types of tables are constructed 
throughout three phases of the qualitative analysis. 
 Phase one: Comparison between EG’s achievement in pre-test and post-test 
per problem solving criterion; 
 Phase two: Comparison between CG’s achievement in pre-test and post-test 
per problem solving criterion; 
 Phase three: Comparison between the change in EG and CG’s improvements 
from pre-test to post-test per problem solving criterion. 
Clinical Interviews. The clinical interviews conducted throughout the post-test with 
the 24 selected students are recorded in videos and transcribed. Then they are 
analyzed in terms of approach and reasoning, solution and representations problem 
solving criteria according to the Vermont Elementary and Middle Level Mathematics 
Problem Solving Assessment Guide (2007).This analysis is completed in parallel 
with the analysis of the pre and post tests particularly in the third phase. 
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4.1.2 Class observation analysis    
      This part provides findings of class observations over four sessions at one grade 
eight class section, prior to any intervention, for the purpose of investigating the 
types and functions of representations used by the teacher and students while 
teaching/learning the chapter on “Proportions”. A checklist was developed and 
completed during the observation regarding the context in which the representation is 
used, its type and its function with respect to problem solving and proportional 
reasoning. The observations revealed similarities with the findings obtained from the 
textbook analysis, as shown by the analytical description in this section.  
Vergnaud (2009) states that: 
 “Representation is a dynamic activity, not an epiphenomenon that would accompany 
activity without feeding it or driving it. Representation is neither a dictionary nor a 
library only, but also a functional resource: it organizes and regulates action and 
perception; at the same time, it is also the product of action and perception. 
Therefore, the operational form of knowledge must be considered as a component of 
representation.”  
 
In other words, representations such as tables, graphs, diagrams, pictures, number 
lines and graphs are not randomly associated with an activity or problem solving 
tasks; they are rather tools that are used by both teachers and students to 
communicate their thinking and ideas.  
Types of Representations. The types of representations used refer to the means that 
the teacher or the student uses in order to deal with a certain situation. Notations and 
symbols are common representations since mathematics is the language of symbols; 
but the types of representations that we looked for during class observations are 
tables, graphs, equations, number lines, pictures and diagrams that assisted both 
teacher and learners in problem solving at any stage of their work.  
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In the “Direct Proportionality” chapter, the teacher uses tables as the major type of 
representations. One table is used to introduce the concept of “direct proportionality” 
(Fig.1); it is a tool that shows a clear organization of number sequences.  
X 3 4 6 10 
Y 7.5 10 15 25 
Figure1. Table to introduce “Direct Proportionality” 
Students are asked to find the ratio y/x of each pair of values to calculate the 
proportionality coefficient. The relationship between the two quantities was also 
represented by an equation y=2.5x.  The concept of “Direct Proportionality” was 
taught as a procedure by which students calculate the ratio of the values to find if one 
variable is the product of the other and a constant. The exercise that the teacher 
proposed for the students to solve as independent practice reveals this reality. 
In this exercise, two tables (Fig.2) are used to present the given of the exercise. Then, 
they are followed by two questions: 
1) In each of the following tables, are the magnitudes x and y directly 
proportional? If yes, complete the following: y= ... x 
2) Calculate the numbers a and b knowing that a, b and 6 are directly 
proportional to 2, 4 and 3. 
x 1 0.1 0.2 0.3 0.5 
y 65 6.5 13 19.5 32.5 
  
 
 Figure 2.Tables used in the exercise for “Direct Proportionality” 
x 1.5 2 4 3 9 
y 3 8 16 6 18 
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This exercise calls on again procedural knowledge; students calculated the ratio y/x 
and completed the equation in question 1. Moreover, students were not required to 
express the relationship between the quantities as an equation; they were just filling 
in the space with the missing number. A similar procedure makes it difficult for the 
students to think proportionally and develop a relative perspective. 
In the second question, students were asked to calculate missing values within 
number sequences. Upon discussion of students’ answers, it was noticed that most 
students set up a proportion (Fig.3) and used the cross product to calculate the 
missing value. 
8b
3
24
3
b3
24b3
3
6
4
b




 
                                                          Figure3. Solution using the  
                                                               “cross product” rule 
However, only one student was able to notice the relationship between the different 
values and constructed a diagram  (Fig.4) to find the solution.  
 
 
                                                     Figure.4 Solution using a Diagram 
The teacher commented on this diagram saying that this way is applicable because 
the ratio is a small whole number that can be easily determined. So the teacher favors 
writing a proportion as a procedural technique to find missing values in a 
proportional sequence. The teacher then asked the students to practice exercises on 
direct proportionality by following the solved exercise procedure indicated in the 
 
b                     6 
             x2                   x2 
4                    3 
48 
 
book (Fig.5). Students are asked to divide a given number into parts directly 
proportional to three other numbers. The described technique of the book 
recommends and highlights again the writing of a ratio to indicate direct 
proportionality. Although equations are widely used in this exercise to describe 
directly proportional values, it may be difficult for students to understand the concept 
and develop proportional reasoning abilities in the absence of other, more visual, 
representations. 
 
Figure. 5 Solved exercise  
      
     In the” Inverse Proportionality” chapter, completed in two consecutive sessions, 
the teacher, similarly to the previous sessions, also followed the book pages and used 
tables frequently.  In the introductory activity (Fig 6), students are asked to work in 
pairs and fill in the tables either with the ratio of the values or the product of the 
values and then complete the equations with the resulting constant from each table. 
One more time, the teacher limited proportionality thinking to “constant ratio” or 
“constant product” and the table just served as a tool to communicate the information 
in an easy way that facilitates detecting direct and inverse proportionality without 
necessarily building proportional reasoning. 
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Figure. 6 Activity, “Indirect Proportionality” 
 
As independent practice, the teacher asked the students to solve an exercise (Fig. 7) 
from the book that is identical in its given and purpose to the one completed in the 
chapter of direct proportionality; however this time students need to apply the 
“constant ratio rule” to answer the questions. The tables presenting the exercise’s 
given are used just as tools for communication 
 
Figure. 7 Application exercise, “Indirect Proportionality” 
As practice exercises, the teacher again suggested a solved exercise from the book 
(Fig 8) where students use the equation x.y=k to divide a number into parts indirectly 
proportional to three other numbers. Although equations are implemented, students 
are just imitating the solved exercise procedure in order to find the answers.  
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Figure. 8 Solved exercise, “Indirect Proportionality” 
 
While solving the exercises and the problems of the book, two problems were real 
life situations (Fig. 9). The teacher asked the students to arrange the values in a table 
prior to any work, detect proportionality from the variation of the different quantities 
“ if both increasing, it means direct proportion and if one increasing and one 
decreasing, it means inversely proportional” then write the corresponding equation 
(Fig.10) in order to find the answer. 
 
Figure. 9 Word Problems, “Indirect Proportionality” 
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Figure. 10 Solution, word problem 
 
     The class observations showed that representations in the “Proportionality” 
chapter are limited to just two types: equations and tables. Both representations are 
used frequently by the teacher and the student; however their use is restricted to 
organizing and displaying information. Moreover, the teacher recommends the usage 
of tables as way to present the problem’s given in a more comprehensible manner. 
These tables assist in writing the correct proportion, detect the constant ratio or 
detect the constant product of the different values.  
     As a conclusion, the representations implemented are certainly useful tools to 
organize information, either in a table or in a proportion, to facilitate the solution 
process however; none of them requires proportional reasoning. Procedural 
knowledge is thus favored to the expense of the development of conceptual 
understanding and reasoning.  
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4.1.3 Curriculum and Textbook Analysis  
4.1.3.1 Curriculum Analysis  
     The Curriculum, known in the history of education as a course of studies followed 
by a student in a certain teaching institution, is defined by Braslavsky (1999) as 
being the foundation for the whole educational process.  It includes the content that 
will be used during the teaching/learning process, its sequence as well as its timing.  
Moreover, it defines the characteristics of the institution, the learning experiences as 
methods of education, resources employed and evaluation procedure in addition to 
the teachers who will provide the content’s delivery. According to NCTM (2000), “a 
curriculum is more than a collection of activities: it must be coherent, focused on 
important mathematics, and well-articulated across the grades”.  
     In Lebanon, the Educational Center for Research and Development has reformed 
the curricula and issued a document (ECRD, 1997) including the different subject 
matters in order to cope with the international standards. In this document, the math 
curriculum is, as any other subject matter curriculum, divided into parts: 
introduction, general objectives, table of distribution of periods per week/year, scope 
and sequence, objectives and syllabus. The document lists the general objectives of 
the subject in each cycle distributed into domains of two types: processes such as 
mathematical reasoning, problem solving, communication, and content such as 
numerical, spatial, measurement and statistics. However, as mentioned previously, 
there is another part titled “General Objectives” and the “Domains” were not defined 
in any other place before showing in this part.  
     Below is an analytical description of how representations in the math curriculum 
are considered:  
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Introduction. The introduction of the curriculum document highlights the important 
role that Mathematics play in the development of societies. It insists on bringing it in 
to students in a “constructive” approach instead of a “ready made” one through real 
life problem situations. It  demonstrates representations as tools for communication. 
“Our intention is also to form the students to the communication: reading a 
mathematical text, understanding it, interpreting it, using symbols, graphs, tables 
etc..., writing a demonstration, explaining a situation, etc... remain essential 
objectives of the teaching”. (ECRD, 1997,p.288).    
General Objectives. Arguments construction, critical thinking and mathematical 
reasoning are the three main goals of the mathematics curriculum that are 
emphasized in the “General Objectives” part. To achieve these goals, it’s stated that 
the Lebanese curriculum is committed to learning through “solving mathematical 
problems” that are  related to real life. Moreover, the general objectives encourage 
the learning of different strategies, methods, simulations, etc. to overcome the 
difficulty of problem solving. On the other hand, representations such as using 
symbols, tables, graphs and other tools are suggested as tools to communicate 
mathematically, as mentioned previously in the introduction but do not appear as 
strategies or tools for thinking that will promote problem solving abilities.   
Objectives. In this part, the general objectives defined for each cycle are distributed 
over six domains: processes such as Mathematical Reasoning, Problem solving, 
Communication, and content such as Spatial, Numerical and measurement. 
Representations show again in the domain of communication as means used by 
students to interact mathematically, “Use pictorial or symbolic representations” 
(ECRD, 1997).  
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Scope and Sequence and Syllabus. Mathematics as a subject is taught at the middle 
school level (grades seven and eight) in three parts: Algebra and Arithmetic, 
Geometry, and Statistics. Representations appear in the “Scope and Sequence” part 
in Geometry “Plane representation of a cylinder, pyramid, cube, cone, sphere and 
rectangular prism”. They also appear in Statistics as “Representation of data: bar 
graph, frequency polygon, circular diagram, and cumulative frequency polygon” 
(ECRD, 1997). 
     After analyzing the different parts of the curriculum, it was noticed that the 
curriculum, as reformed in 1997, includes representations as tools for communicating 
the mathematical information but not as strategies or tools for thinking that assist in 
problem solving and help in the development of problem solving abilities.  
While it is obvious that the Lebanese mathematics curriculum was inspired, mainly 
in its “General Objectives” by the NCTM standards (1989), it’s unfortunate that it 
stayed behind regarding the important role of representations. However, the 
development of NCTM standards (2000) has added representation as a separate 
standard that promotes the use of representations as tools for organization, 
communication and recording as well as strategies for problem solving.  
4.1.3.2 Textbook Analysis 
     A textbook is used by both teachers and learners as a resource and support in 
order to achieve the requirements set in the curriculum.  
Structure. The Lebanese national math textbook “Building up Mathematics” in its 
introduction promotes the constructive approach in learning “We do not narrate 
mathematics … we construct it...” (ECRD, 1998, Introduction). It also shows an 
approach to education that considers students as active learners and teachers as 
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facilitators to help them build the required knowledge.  The same text of the 
introduction presents a preview of the structure of each chapter in the book:  
1. A list of objectives that illustrates what students already know and another 
one indicating what they will be able to know after covering the chapter. 
2. Introductory exercises referred to as “Activities” that confront students with 
situations that help them  ask questions, hypothesize, discuss their ideas and 
defend them. 
3.  “Text” that contains the detailed concepts explained by the teacher. 
4.  “Focus” that holds a summary of the main concepts in the chapter. 
5.  “Exercises” that the students solve to practice the concepts. 
6. “Self Evaluation” that contains few questions for the student to check his 
understanding. 
7.  “Problems” that are new situations for the student to use new and old 
concepts to find a correct solution. 
8. “Just for Fun” made of “less classical” problems that challenge students while 
trying to find the solution. 
Representations. The content of math textbooks in general is divided into units, 
chapters, lessons, activities, exercises and word problems. This content helps in 
identifying the techniques that teachers might use to cover the chapters or lessons.  
In this section, representations used in chapters about proportionality will be detected 
in the Lebanese national textbook throughout the middle school grades (seven and 
eight) to find out how it is designed to assist teachers and learners in the development 
of problem solving abilities. The types of representations such as tables, equations, 
diagrams, pictures, number lines, graphs and their function and role with respect to 
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proportionality and to problem solving will be examined in the unit of “Proportions” 
and related topics such as “Fractions”. 
Grade Seven textbook. “Proportionality” is presented in three chapters in grade 
seven textbook; one that addresses the same topic (Proportionality) and the other two 
about fractions (Reduction of fractions and Decimal fractions).  
Reduction of Fractions Chapter. An “introduction” to the “Reduction of Fractions” 
chapter highlights the fundamental role that the “notion of fraction” plays while 
representing symbolically or modeling real life situations. 
As prerequisites, students need to be able to “perform the four operations on 
fractions, recognize two equal fractions, simplify a fraction and write a decimal 
number in fractional form”. As for objectives, students need to “understand the 
meaning of the terms: irreducible, simplify and reduce, use the property 1=a/a for 
every non-zero natural number a and calculate the reduced form of a fraction using 
several methods”. 
In the “Recall activities”, equivalent fractions are used to find missing values either 
in the numerators or denominators (Fig. 11). This exercise prepares students for the 
calculation of the “fourth proportional” in the “proportionality” chapter.  
 
Figure 11. Equal Fractions in “Recall activities” 
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Pictures of pencils are used in the “Preparatory activities” where students are asked 
to represent the pictures of pencils in fractions then equivalent fractions, after 
packing them in packages of four then in packages of six. (Fig. 12) 
 
Figure 12. Activity2. Representations to find equivalent fractions in “Preparatory activities” 
This activity is very effective regarding the change from one representation (pictures 
of pencils) into fractions then finding equivalent fractions using pictures. However, 
the questions are not well structured and may mislead the students for example, when 
they ask “Can you do better?” or “translate the passing of the first fraction to each of 
the others in mathematical terms.” (ECRD, 1998). In the first question, students will 
not understand if they will find an equivalent fraction by drawing a picture with new 
arrangements of pencils or by simply writing another equivalent fraction starting 
from the previous one. And in the second question “mathematical terms” is not clear, 
students will not know if symbols, notations or words are required to be used in the 
answer of this question. This activity shows that the authors are promoting 
representations (pictures) as communication tools to express mathematical 
information in a different way but not as tools for thinking to find answers and 
solutions. 
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As for the other parts of this chapter: “Text”, “Exercises” and “Problems”, they 
mostly contain equations except for two tables in the “Exercises” that have the 
matrix model where fractions are organized in columns and rows that students need 
to add or multiply at each intersection of a row with a column. (Fig. 13) 
 
Figure 13. Tables in “Exercises” 
Decimals and Fractions chapter. The prerequisites for this chapter include “reduce 
a fraction and write a decimal number in fractional form”. As for the objectives, 
students need to be able to “write a decimal number as a sum of an integer and 
decimal fractions whose denominators are 10, 100, 1000, etc., write a decimal 
fraction in the form of a decimal number, write a non-decimal fraction in the form of 
a decimal number in which the decimal part is unbounded and periodic and 
inversely, compute an approximate value of a non-decimal fraction by a decimal 
number. 
The chapter starts with a table in  “Activity 1” of “Preparatory activities” which is a 
table of positions that displays AL-Kashi (Arabic Mathematician) way to represent a 
decimal number (…hundreds, tens, ones, tenths, hundredths …)  
Proportionality Chapter. As prerequisites, “students need to be able to identify 
proportional sequences, calculate the coefficient of proportionality, identify ratios, 
quotients, use percentages, rates and scales. As for objectives, “students need to be 
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able to identify a situation of proportionality and a proportion, calculate a proportion 
from a given proportion, calculate the fourth proportional, use the calculation of the 
fourth proportional in problems.  
In this chapter, tables appear as the main representation to organize proportional 
quantities in two rows. Each row of the table contains the values of one quantity so 
students would easily calculate the ratio between them to detect the proportionality 
of the two sequences. 
 
Figure 14. Activity 1 in “Recall activities”  
As showing in figure 14, the table is used by the authors to replace the problem given 
and present the values in an organized way so students can read them easily. On the 
other hand, the table of this activity that is used to review the concept of 
proportionality is not showing in any other place of the chapter since in grade six, 
tables were just used to detect proportional sequences as mentioned in the 
prerequisites above but not as tools for thinking to detect proportional situations as 
required in the chapter’s objectives for grade seven. 
In the part called “Text” specified for the explanation of the proportionality concept,  
literal equations of the form y=ax (a is constant) under the subtitle “Examples” are 
written to show the relationship between two directly proportional quantities. (Fig. 
15) 
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Figure 15. ”Examples” of literal equations in “Text” 
 
 However, the problems and the exercises in the following parts do not show any 
equation or even ask the student to represent the relationship between the quantities 
in an equation to find the solution. Therefore, students can use any strategy. Even in 
the “Text” part, this equation is too soon overtaken by the “Ratio of proportionality” 
in the next paragraph.  
 
Figure 16. The equation y=ax in “Text” 
 
After that, a paragraph called “Proportion” (Fig.17) defines a proportion as an 
equality between two quotients, followed by “The fourth proportional” paragraph 
(Fig.18)to explain the procedural technique “cross product rule” used to find the 
fourth term in a proportion.  
 
Figure17. Definition of a “Proportion” 
 
61 
 
 
Figure18. Fourth proportional using the cross product rule 
 
It should be noted that this diagram is not used to show relationships between the 
quantities (scalar or functional); it is just implemented to organize the quantities in 
two columns so that the “cross product rule”, that is suggested as procedural 
technique without any proportional reasoning, would be applicable. 
In the “Exercises” and “Problems” part of this chapter, decorative pictures are just 
used that neither affect the problem text nor its solution. The problems and the 
exercises reflect proportional situations from real life formulated in a way that invites 
students to solve them using the “cross product rule”; but if these problems will be 
solved according to this procedural technique then students will not acquire the 
proportional reasoning that is the main objective of this chapter.  
 
Figure19. Table in “Activity 1” of “Preparatory activities” 
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This table (Fig.19) is used to show the different notations that a number can have 
promoting the use of multiple notations as a way to communicate mathematical 
knowledge as mentioned in the curriculum. As for the other parts of this chapter, 
they include multiple notations of a number such as decimal fraction, decimal 
number, fraction, quotient, repeating decimal. For example: 
1
1 2 0.5
2
    and 
1
1 3 0.333...
3
    The “Problems” part doesn’t contain any problem that reflects real 
life situations to be solved by students using different strategies. It contains simple 
exercises about decimals. One table is used in the “Problems” to organize 
information for the students to fill it in with the convenient rounded decimal. 
Grade Eight textbook. In grade eight, “Proportionality” is also addressed in two 
chapters, the first one deals with “Literal Fractions” as reduction, addition, 
subtraction, multiplication and division and the second tackles “Proportions” as 
direct and inverse proportionality. 
“Literal Fractions” chapter. All the parts include different notations for a 
numerical fractions, numerical expressions, literal fractions and literal expressions. 
For example: 
a
a c a d adb x
c b d b c bc
d
      (b, c and d ≠ 0)  and   
2
2 4 2 3 35 x
4 5 3 5 4 10
3
     . 
“Proportion” chapter. “At the beginning of this chapter, students need to be able to 
identify terms forming a proportion, calculate the rate of a proportion, identify a 
situation involving a proportion and calculate the fourth term of a proportion and 
apply it in problems”. However, at the end of this chapter, students need to be able to 
identify inversely proportional quantities, write mathematical statements expressing 
two inversely proportional quantities and solve problems involving inversely 
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proportional quantities”. As in grade seven textbook, representations appear in the 
“Proportion” chapter as tables in four parts “Recall activity”, “Preparatory 
activities”, “Exercises” and “Self Evaluation” (Fig.20). These tables present the 
values of each of the quantities in a way that helps students detect proportionality 
relationship between the quantities as it is one of the objectives mentioned above. 
Although the usage of tables is frequent in this chapter but none of them was used as 
a problem solving strategy. Students can fill in these tables and find missing values 
using “constant ratio“ or “constant product” without understanding.  
 
Figure 20. Tables to detect “Proportionality” in “Self Evaluation” 
 
The “Preparatory activity” showing below (Fig. 21) is the only exercise of the whole 
chapter that integrates representations as tools to detect proportionality. While 
drawing rectangles having equal area and variable length and width, students will 
notice the change between the quantities and would be able reach the proportional 
reasoning. 
 
Figure21. Activity 2 in “Preparatory activity” 
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As for the “Problems”, they show real life situations but they all cover “inverse 
proportionality”; students need to be confronted with different types of 
proportionality situations in order to think proportionally while solving problems.   
     As a conclusion, the representations in the current grade-seven and grade-eight 
textbooks are limited to two main types: tables and equations. Moreover, these 
representations are used to express mathematical knowledge in a more organized 
way that helps detecting proportional sequences but not as tools for thinking that 
assist students in solving problem situations. Although the proportionality chapters in 
both grades are rich in problem solving, none of them contains representations or 
suggests them as strategies to solve the given problems. These findings support the 
goals set for representations in the curriculum as being communication tools to 
exchange mathematical facts. 
4.1.4 Qualitative analysis of pre-tests and post-tests 
     Data collected from the clinical interviews that are recorded in videos and videos 
transcription, in addition to the tests completed with 24 students presenting the three 
levels of achievement (low, average and high) are analyzed qualitatively according to 
three problem-solving criteria: approach and reasoning, solution and representations 
defined in the implemented rubric (Appendix G). For each group level (low, average 
and high), different types of tables are constructed throughout the three phases of the 
qualitative analysis. 
 In phase one, one table is designed for each problem in the pre-test (Appendix E, 
Table 1) to demonstrate the accomplishment of two pairs of students in CG per 
problem solving criterion. Afterwards, another table is constructed to summarize the 
achievement, per problem solving criterion, of the same two students’ pairs in CG 
throughout the four problems of the pre-test (Appendix E, Table 2). An identical 
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procedure is tracked to study the achievement of two pairs of students in CG, per 
problem solving criterion, throughout the post-test. Finally, a table is constructed to 
compare the achievement of the students in CG between the pre-test and post-test. 
In phase two, a similar procedure to the one showing in phase one is followed but it 
is conducted over EG. The problem solving achievement per criterion of the 
students’ pairs is studied in each problem of the pre-test, post-test, then in the overall 
pre and post-tests. Finally, the experimental group’s results are compared between 
the pre-test and post-test. 
In phase three, the changes in the improvements of each of CG and EG from the pre-
test to the post-test is equated in order to verify whether the intervention, which 
involves the extensive and functional use of representations, has more or less effect 
on one of these groups. 
.   Besides, problem-solving achievement of each pair of students is determined 
according to the multiple abilities that are listed within each criterion in the rubric 
(Appendix G). Moreover, the abilities within one level of a criterion are classified 
into sub-levels that are later associated each with a score (Fig. 22). For example, the 
abilities within level 1 of the solution criterion are classified into: “no work is 
present” with a score of 1, “no part of the solution is correct” with a score of 1.25 
and “some work is present, but the work doesn’t support the answer given” with a 
score of 1.5. When assessing the problem solving process of the students’ pairs; it is 
first scored for each one separately, then later the average of the individual scores is 
calculated in order to get one number representing the ability achieved by the whole 
group (experimental or control). For example, if pair 1 of the control group (CG-P1) 
scored 1 because no work is present for the solution criterion and pair 2 of the 
control group (CG-P2) scored 1.5 because the work that is present doesn’t support 
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the answer, so the average score is 1.25 which corresponds to “No part of the 
solution is correct”.  
4.1.4.1 Qualitative analysis of EG-H and CG-H 
     The accomplishment of high achievers in the pre-test and post-test is analyzed 
qualitatively at three levels based on qualitative comparison tables as follows: 
 Comparison between EG-H achievement in pre-test and post-test per problem 
solving criterion (Table 1); 
 Comparison between CG-H achievement in pre-test and post-test per problem 
solving criterion (Table 2); 
 Comparison between EG-H and CG-H’s improvement from pre-test to post-
test per problem solving criterion. 
Table 1: EG-H: Comparison between achievement in pre-test and post-test per problem 
solving criterion 
 Pre-test Post-test Conclusion 
Approach and 
Reasoning 
 Use an approach  that 
works  and justify the 
application of a known 
rule that is used to solve 
all the problem. (4) 
 Use an approach  that 
works  and describe 
verification of the solution. 
 Show confidence that the 
answer is correct by using 
more than one process. 
 Compare the answers to 
solve the same 
problem.(4.5) 
Show improvement by using 
different processes, verifying 
them and comparing answers 
instead of applying one 
simple known rule. 
Solution  The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
No change: students were 
able to reach correct answers 
in both pre-test and post-test. 
Representations  Make no attempt to make 
any mathematical  
representations to solve or 
communicate an aspect of 
his/her solution, regardless 
of the correctness of the 
solution. (1) 
 Make an appropriate and 
accurate mathematical 
representation to solve or 
communicate an aspect of 
the solution. (3) 
Students show improvement 
by using multiple 
representations such as 
tables, equations, graphs and 
combined representations 
such as tables and diagrams 
together. 
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4.1.4.1.1 Qualitative analysis for EG-H throughout pre-test and post- test 
(Table 1) 
     Approach and Reasoning. A noticeable improvement appears in the problem 
solving abilities that fit in the approach and reasoning criterion. Moreover, the work 
of the students has changed from applying one procedural technique such as the 
“cross product rule” into using different strategies that show the mutual change 
between the different quantities in a proportionality situation. EG-HP1 makes two 
attempts to solve the “Pre-scale” problem; an incorrect arrangement of the values 
appears upon the first attempt (Fig.22) as shown in the figures yet an accurate set-up 
of values shows in the second attempt (Fig.23) before applying the “cross product 
rule” to calculate the answer. However, as showing in Figure 24, EG-HP1 
approaches the “Post-scale” problem using two different strategies: the first one by 
analyzing the change between the values of the same quantity and the second by 
analyzing the change between the values of different quantities. The work is verified 
by calculation and the same answer is obtained in both approaches. 
      
Figure 22. Pre-scale problem, EG-H (1
st
 attempt) 
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            Figure 23. Pre-scale problem, EG-H                        Figure 24. Post-scale problems, EG-H 
 
Solution. No change is noticed at the level of solution criterion; EG-H students are 
able to reach correct solutions in both pre and post-tests. 
Representations. EG-H shows progress regarding the use of representations from 
“Make no attempt to make a mathematical representation” into “Make an accurate 
and appropriate mathematical representation”. In the post-test, EG-H participants 
used explanatory diagrams (Fig.24) with the correct labels showing the variation 
between the values of the same quantity and then between different quantities. These 
representations reveal better understanding of proportionality and growth in 
proportional reasoning. 
Table 2: CG H: Comparison of overall achievement per ability throughout the pre-
test and post-test 
 Pre-test Post-test Conclusion 
Approach and 
Reasoning 
 Use an approach  that 
works  and justify the 
application of a known 
rule that is used to solve 
all the problem. (4) 
 Use an approach  that 
works  and justify the 
application of a known rule 
that is used to solve all the 
problem. (4) 
No change: Students are still 
applying the same cross 
product rule to solve the 
problem. 
Solution  The answer is correct and 
the work in the solution 
 The answer is correct and 
the work in the solution 
No change: students were 
able to reach correct answers 
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supports the answer.  
 The answer is identifiable. 
(3) 
supports the answer.  
 The answer is identifiable. 
(3) 
in both pre-test and post-test. 
Representations  Make no attempt to make 
any mathematical  
representations to solve or 
communicate an aspect of 
his/her solution, regardless 
of the correctness of the 
solution. (1) 
 Attempt to make an 
appropriate mathematical 
representation (table) to 
solve or communicate  an 
aspect of the solution. 
 The representation lacks 
labels and accuracy with 
regard to the student’s 
solution. (2) 
Showed improvement by 
using a table to arrange the 
quantities so the cross 
product rule can be applied. 
 
4.1.4.1.2 Qualitative analysis for CG-H throughout pre-test and post- test 
(Table 2) 
     Approach and reasoning/ Solution. The qualitative analysis of CG-H 
performance reveals no change in the entire problem solving criteria: approach, 
reasoning and solution. In other words, CG-H participants kept applying a 
procedural strategy “cross product rule” while solving the “Pre-scale” problem 
(Fig.25) and maintains this same approach while working on “Post-scale” problem 
(Fig.26). Moreover, CG-H participants are able to justify the rule used and show all 
the necessary work in both pre and post-tests. On the other hand, proportional 
reasoning does not show at any stage of the solution writing process. Accordingly, 
procedural knowledge is thus used to the expense of conceptual understanding and 
reasoning.   
  
        Figure 25. Pre-Scale problem, CG-H                      Figure 26. Post-Scale problem, CG-H 
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Representations. The participants in the CG-H show an improvement regarding the 
representations criterion from “Make no attempt to make a mathematical 
representation” into “attempt to make appropriate mathematical representation”. 
Figure 25 shows that CG-HP1 writes an equality between two ratios (map distance to 
real life distance) that represents the corresponding proportion that is used to solve 
the “Pre-scale” problem. While figure 26 reveals an attempt in “Post-scale” problem 
to arrange the quantities in a “diagram” (as called in the textbook) to organize the 
values in a way that makes the application of the “cross product” rule easier and 
increases the chance to obtain a correct answer. 
4.1.4.1.3 Comparison between EG-H and CG-H improvement from pre-test 
to post-test per problem solving criterion. 
     As showing in Tables 1 and 2, CG-H and EG-H are using the same procedural 
strategies to approach and reason along the problems of the pre-test. On the other 
hand, EG-H shows more progress in the post-test than the CG-H. EG-H’s ability 
progressed from “justify the application of a known formula or rule used to solve a 
problem” into “Describe verification of the solution, show confidence that the 
answer is correct by using more than one process and compare the answers to solve 
the same problem”. The following is an extract of the clinical interview conducted 
with EG-HP1 while solving Post-scale problem (Fig.24) 
- Why do you use this way? 
- Because we multiply 12 x 200 to get 2400, so we multiply 18 by 200 to get 
3600. 
- Why 200? 
- Because 2400 ÷12=200. There’s also another way .... 18÷12=1.5 so 12 x 1.5 
=18 and 2400 x 1.5=3600 .... We get the same answer. 
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This clinical interview shows that EG-HP1 was able to approach the problem using 
multiple strategies while implementing two types of diagrams that reveal 
proportional reasoning. When multiplying by 200, the change within the values of 
the different quantities is verified and by 1.5, the change within the values of the 
same quantities is recognized. Thus, the conceptual understanding of 
“Proportionality” is well established for this group. 
As for the CG-H, when CG-HP1 was asked about the arrangement of the quantities 
while working on the “Post-scale” problem (Fig.26), participants answered as 
follows:  
- Why did you do this arrangement? 
- This is the given. 
- What do you use it for? 
- To write the equation so we find x. 
This clinical interview shows that CG-HP1 made an attempt to construct a 
representation just for the purpose of making a new display for the given. This 
arrangement facilitates the writing of the proportion representing the equality 
between the two ratios to find the missing value “x” as showing above in the extract 
of the interview. 
     In conclusion, EG-H’s performance in the post-test improved regarding approach, 
reasoning and representations problem solving criteria; students were able to 
approach the problems using multiple strategies and representations showing 
proportional reasoning; while for the solution criterion, there was no change since 
EG-H’s participants were able to get correct answers in both tests. As for the CG-H, 
participants did not show a difference in scores concerning approach, reasoning and 
solution problem solving criteria, since they were still using a procedural approach in 
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solving. On the other hand, progress was noticed regarding the use of 
representations, although they were just used as tools for communication. 
4.1.4.2 Qualitative analysis of EG-A and CG-A 
     The achievement of average students in the pre-test and post-test is analyzed 
qualitatively at three levels based on qualitative comparison tables as explained 
earlier for EG-H. 
Table 3: EG-A: Comparison between achievement in pre-test and post-test per 
problem solving criterion 
 Pre-test Post-test Conclusion 
Approach and 
Reasoning 
 Use an approach that 
works and justify the 
application of a known 
rule that is used to solve 
all the problem. (4) 
 Use an approach that 
works, make and use a 
formula or rule to solve the 
entire problem. (4.25) 
 Showed improvement in 
making the formula to be 
used instead of just 
applying a memorized 
one. 
Solution  The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 No change: students 
were able to reach 
correct answers in both 
pre-test and post-test. 
Representations  Make no attempt to make 
any mathematical 
representations to solve or 
communicate an aspect of 
his/her solution, regardless 
of the correctness of the 
solution. (1) 
 Make an appropriate and 
accurate mathematical 
representation to solve or 
communicate an aspect of 
the solution. (3) 
 Showed improvement by 
using multiple 
representations such as 
tables, equations and 
graphs. 
 
4.1.4.2.1 Qualitative analysis for EG-A throughout pre-test and post- test 
(Table 3) 
 Approach and Reasoning. The available evidence in the tables above seems to point 
to an improvement in the problem solving abilities that assimilate in the approach 
and reasoning criterion. The performance of EG-A participants advanced from 
“Justify the use of a known formula or rule” to “Make and use a formula or rule”.  To 
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put it in a different way, the work of EG-AP1 improved from applying the speed 
formula to detect direct proportionality and find missing values in “Pre-
distance/time” problem (Fig.27)  into making an equation that relates the two directly 
proportional quantities then calculating the answer in “Post-rectangles/time” problem 
(Fig.28). 
 
Figure 27. Pre-cost/benefit problem, EG-A                 Figure 28.Post-cost/benefit problem, EG-A 
 
Solution. Similar to EG-H, EG-A does not show any change regarding the solution 
criterion. Participants are able to find correct answers in both pre and post-tests. 
Representations. EG-A shows a progress in representations criterion, participants of 
this group changed from “Make no attempt to make any mathematical 
representations” into “Make an appropriate and accurate mathematical 
representation”. EG-AP2 uses a known formula “unit rate” in “Pre-cost/benefit” 
problem to identify the proportionality coefficient then calculate the missing values. 
Whereas, this same pair makes a representation in order to find the answer in “Post-
cost/benefit” (Fig.28). Moreover, the representation is not just used to communicate 
the mathematical information; but it is a tool for thinking. The table assisted the   
participants recognizing the factor of change when drawing the table of values. 
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4.1.4.2.2 Qualitative analysis for CG-A throughout pre-test and post- test 
(Table 4) 
 Pre-test Post-test Conclusion 
Approach and  
Reasoning 
 Use an approach that 
works and justify the 
application of a known 
rule that is used to solve 
the entire problem. (4) 
 Use an approach that works 
and justify the application 
of a known rule that is used 
to solve all the problem. (4) 
 No change: Students are 
still applying the same 
cross product rule to solve 
the problem. 
Solution  The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 No change: students were 
able to reach correct 
answers in both pre-test 
and post-test. 
Representations  Make no attempt to make 
any mathematical 
representations to solve or 
communicate an aspect of 
his/her solution, regardless 
of the correctness of the 
solution. (1) 
 Attempt to make an 
appropriate mathematical 
representation (table) to 
solve or communicate an 
aspect of the solution. 
 The representation lacks 
labels and accuracy with 
regard to the student’s 
solution. (2) 
 Show improvement by 
using a table to arrange the 
quantities so the cross 
product rule can be 
applied. 
 
 
Approach and Reasoning. A closer look at the participants’ tests during clinical 
interviews indicates almost no change in the performance of CG-A regarding 
approach, reasoning and solution criteria. They maintain the application of a known 
formula in problem solving. For example, CG-AP1 uses the “cross product rule” to 
approach “Pre and Post cost/benefit” problems (Fig.29) and (Fig.30). 
  
         Figure 29. Pre-cost/benefit problem, EG-A         Figure 30. Post-cost/benefit problems, CG-A 
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Solution. Likewise, CG-A does not show a major change regarding the solution 
criterion in general; participants are able to reach correct answers regardless of the 
procedural thinking followed. In spite of the correct answers obtained as a general 
result, it should be noted that CG-A reached incorrect answers in “Post-cost/benefit” 
problem that describes indirect proportionality. In fact, the errors in the solution are 
related to a lack in the development of proportional reasoning; CG-A uses the “cross 
product rule” to approach this problem without realizing the inverse change between 
the quantities.   
Representations. In general, CG-A shows improvement regarding the 
implementation of representations; participants of this group changed from “Make no 
attempt to make any mathematical representations” into “Attempt to make an 
appropriate mathematical representation to solve or communicate an aspect of the 
solution”. CG-AP1 arranged the quantities in “Post-cost/benefit” problem (Fig.30) in 
a diagram (as called in the textbook) to make the cross product rule applicable. 
Despite the fact that a representation is constructed but it’s not used as a tool to 
enhance proportional thinking and problem solving abilities. 
 
4.1.4.2.3 Comparison between EG-A and CG-A improvement from pre-test 
to post-test per problem solving criterion. 
     Although the results showing in tables 3 and 4 suggest that CG-A and EG-A are 
both using a procedural approach to problem solving in the pre-test but a noticeable 
difference between the improvement of the two groups appear in the post-test.  EG-A 
shows a greater progress regarding approach and reasoning and representations 
criteria. Students of this group are able to make a formula and construct a 
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representation that assist in problem solving. On the other hand, CG-A maintains the 
implementation of a procedural approach in problem solving. The representations 
constructed are just tools to communicate mathematical information in a way that 
facilitates the application of the memorized technique.  
The following is an extract of the clinical interview conducted with EG-AP2 while 
solving “Post-cost/benefit” problem (Fig.28): 
- Why do you construct this table? 
- To write the numbers inside it. 
- Does it help you in solving the problem? 
- Yes. 
- How? 
- Because every time we multiply 1 by a number in the 1st column, we divide 
1,000,000 by the same number in the other column. 
The clinical interview above shows that EG-AP2 used the table not only to arrange 
the values but also as a tool for problem solving. By realizing the mutual change 
between the values of the two columns, the participants are building “proportional 
reasoning”. 
As for the CG-AP2, when they were asked about the arrangement of the quantities 
while working on “Post-cost/benefit” (Fig.30), they answered as follows:  
- Why did you do this arrangement? 
- Because 2 and 8 are people and 500,000 and x are Euros. 
- What do you use it for? 
- To find x. 
- How? 
- We multiply 500,000 with 2 and 8 with x then we write an equation. 
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The dialogue above verifies the procedural thinking followed by the participants. 
They matched the values of the same quantity and made an arrangement that 
facilitates “finding x” using the “cross product” rule. 
     In conclusion, the EG-A has made an improvement in the same way as EG-H. 
Participants were able to approach the problem using representations to make the 
rule that will be used in the solution process; however no change was noticed 
regarding the solution criterion. Whereas, the CG-A as CG-H did not show any 
change regarding approach, reasoning and solution problem solving criteria; but the 
participants used representations to arrange the values and apply the ”cross product”  
rule. 
4.1.4.3 Qualitative analysis of EG-L and CG-L 
     The low achieving group’s performance in the pre and post-tests is analyzed 
qualitatively at three levels based on qualitative comparison tables as explained 
earlier for EG-H. 
Table 5: EG-L: Comparison between achievement in pre-test and post-test per problem 
solving criterion 
 Pre-test Post-test Conclusion 
 
Approach and 
Reasoning 
 Use an approach that 
works or would work for 
solving the problem and 
reasoning, if evident, is 
not flawed. (3) 
 Use an approach that 
works, make and use a 
formula or rule to solve the 
entire problem. (4.25) 
 EG-L improved from 
having a flawed approach 
to  make a formula to be 
used in problem solving. 
Solution  The solution contains 
mathematical errors which 
lead to an incomplete or 
incorrect answer. (2.5) 
 The solution contains 
mathematical errors which 
lead to an incomplete or 
incorrect answer. (2.5) 
 No change: students still 
have mathematical errors 
in their solutions. 
Representations  Make no attempt to make 
any mathematical 
representations to solve or 
communicate an aspect of 
his/her solution, 
regardless of the 
 Attempt to make an 
appropriate mathematical 
representation (table, 
diagram) to solve or 
communicate an aspect of 
the solution. 
 EG-L improved by 
attempting to use 
representations as tools 
for communication. 
78 
 
correctness of the 
solution. (1) 
 The representation lacks 
labels and accuracy with 
regard to the student’s 
solution. (2) 
 
4.1.4.3.1 Qualitative analysis for EG-L throughout pre-test and post- test 
(Table 5) 
Approach and Reasoning. The results showing in the table above provide 
confirmatory evidence that EG-L’s participants made a progress regarding the 
approach and reasoning that they use to solve problems. In other words, the 
performance of EG-L improved from “Use an approach that works or would work 
for solving the problem and reasoning, if evident, is not flawed” to “Use an 
approach that works, make and use a formula or rule to solve the entire problem”. 
For example, EG-LP1, uses a simple division as an approach to solve “Pre-scale 
problem” (Fig.31); however, this same pair uses a diagram (as called in the book) to 
write a proportion then apply the cross product rule to find the answer for “Post-
scale” problem (Fig.32). 
 
     Figure 31. Pre-scale problem, EG-L                       Figure 32. Post-scale problem, EG-L 
 
Solution. EG-L does not show a change at the level of the solution criterion. 
Participants in this group are still not able to reach complete and correct solutions. 
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Representations. EG-L shows improvement with respect to the representations 
criterion from “Make no attempt to make a mathematical representation” into “Make 
an attempt to make a mathematical representation”. In the post-test, EG-L 
participants used some representations such as tables and diagrams; however they are 
just used as tools for communication.  
4.1.4.3.2 Qualitative analysis for CG-L throughout pre-test and post- test 
(Table 6) 
 Pre-test Post-test Conclusion 
Approach and 
Reasoning 
 Use an approach  that 
works or would work for 
solving the problem and 
reasoning, if evident, is 
not flawed. (3) 
 Use an approach  that works 
or would work for solving 
the problem and reasoning, 
if evident, is not flawed. (3) 
 No change: Students are 
still applying the same 
cross product rule to 
solve the problem. 
Solution  The solution contains 
mathematical errors which 
lead to an incomplete or 
incorrect answer. (2.5) 
 The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 No change: students 
were able to reach 
correct answers in both 
pre-test and post-test. 
Representations  Make no attempt to make 
any mathematical 
representations to solve or 
communicate an aspect of 
his/her solution, 
regardless of the 
correctness of the 
solution. (1) 
 Make only inappropriate 
mathematical 
representations to solve or 
communicate an aspect of 
the solution regardless of 
the correctness of the 
solution. (1.5) 
 Showed improvement 
by using a table to 
arrange the quantities so 
the cross product rule 
can be applied. 
 
 
Approach and Reasoning/ Solution/ Representations. CG-L doesn’t show any 
change regarding approach and reasoning and solution problem solving criteria 
(Fig.33) and (Fig.34). Whereas an improvement is observed regarding 
representations; CG-LP1 participants constructed representations to be 
implemented in the same way that CG-A used them, communication tools (Fig. 34) 
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Figure 33. Pre-cost/benefit problem, CG-L             Figure 34. Post-cost/benefit problem, CG-L 
 
4.1.4.3.3 Comparison between EG-L and CG-L improvement from pre-test 
to post-test per problem solving criterion. 
     In general, both EG-L and CG-L approached problem solving correctly but with 
some flaw in the reasoning. After the intervention, EG-L was able to make a slight 
improvement by making a rule or formula to apply in problem solving. On the other 
hand, CG-L made almost no improvement except for the representations that the 
participants of both groups used but not for the desired purpose. 
   To sum up, EG-L has shown little improvement regarding approach, reasoning 
and representations problem solving criteria; but the work is still reflecting a 
procedural reasoning. Consequently, mathematical errors are still showing in the 
solution. As for CG-L, no change was detected concerning the approach, reasoning 
and solution problem solving criteria. However; representations were used to arrange 
the values in order to apply the cross product rule. 
The following is an extract of the clinical interview conducted with EG-LP2 while 
solving “Post-scale” problem (Fig.32): 
- Why did you do this arrangement? 
- Because 12 and 18 are centimeters and 2400 and x are kilometers. 
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- What do you use it for? 
- To find x. 
- How? 
- We multiply 12 with x and 2400 with 18 then we write an equation to find x. 
This clinical interview shows that EG-LP2 made an attempt to use a representation. 
This pair arranged the values in a way to separate the values of the two quantities in 
order to apply the “cross product” rule. The diagram (as called in the textbook) is 
used as a way that helps in writing the correct equivalence between the two ratios in 
order to find the missing value. Consequently, the proportional reasoning might not 
be acquired because this way favors procedural thinking instead of conceptual 
understanding of “Proportions”. 
The following is an extract of the clinical interview conducted with CG-LP1 while 
solving “Post-cost/benefit” problem (Fig.34): 
- Why did you do this arrangement? 
- To write the number of winners and the money each gets. 
- What are you doing in the first column? In the second? 
- Multiplying, dividing. 
- How? 
- We multiply 1x2=2 and 1,000,000 ÷ 2= 500,000 . 
- How did you get 166,666.66…? 
- I divided 500,000 ÷ 3 
This clinical interview shows that CG-LP1 attempts to find a solution using a table in 
the approach; however, there is flaw in reasoning. This pair of students is just 
applying the procedure of dividing since it worked at the first step to find 500,000. 
Instead of dividing 1,000,000 by 3, this participant is dividing 500,000 by 3 which 
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shows that the mutual change between the numbers of the two quantities in the two 
columns is not identified. Although a representation is used, it is just implemented to 
replace the given. Consequently, it didn’t serve as a problem solving strategy. 
 
Concluding Notes 
     In general, EG has shown improvement regarding approach, reasoning and 
representations problem solving criteria; high and average achieving participants 
were able to approach the problems using representations as tools for thinking unlike 
low achievers who were using them as means to organize mathematical information. 
High and average achieving participants were able not only to construct tables, 
diagrams and graphs but also to use them as problem solving strategies. For example, 
they used two types of diagrams to show the mutual change between the values of 
the same quantity and that of the different quantities. They also used graphs to find 
the relationship between the values and find the solution graphically. They were also 
able to translate the graph into an equation to find the solution. 
On the other hand, no major change was identified in the solutions of EG since they 
were able to reach a correct solution in both tests.  
Regarding CG, improvement was not identified except for the representations 
criterion. Although representations were used, they were not implemented 
functionally to improve problem solving abilities. For example, EG participants used 
tables to separate the values of the two quantities in order to write a correct 
proportion that helps in the application of the “cross product” rule. 
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4.1.5 Types of representations used in the pre and post-tests 
          This part provides findings of the analysis that is conducted on pre and post-
tests for the purpose of investigating the types and functions of representations used 
by students while working on the four problems of each test. The types of 
representations that are detected in the students’ tests are tables, graphs, equations, 
number lines, pictures and diagrams that assisted learners in problem solving at any 
stage of their work. 
The strategies used to solve the problems of the pre and post-tests in general were 
first classified and coded as follows: Logical Reasoning (LR), Guess and Check 
(GC), Making a Table (MT), Making a Graph (MG), Making a Diagram (MD), 
Using an Equation (UE), Drawing Picture (DP), Working Backward (WB), Using a 
Simpler Problem (SP), Looking for a Pattern (LP) and Finding Number Relations 
(NR).  The strategies involving representations such as Making Table (MT), Making 
Graph (MG), Making Diagram (MD), and Drawing Picture (DP) were then analyzed 
in terms of their function with respect to problem solving and proportional reasoning. 
Table 7: Types of representations used by CG and EG in the Pre-test. 
 
 
 
Pre-test. “Making Table” is the type of representations mostly used by both CG and 
EG (Table 7). In the Pre-distance/time problem, the given is presented in a table form 
which made students reproduce the table and complete it with the required values 
 CG EG 
MT 13.7% 8.85% 
MG 0% 0% 
MD 5.9% 0% 
DP 5.9% 0% 
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(Fig.35). On the other hand, one student constructed a table in the Pre-cost/benefit 
problem where she arranged the values in two columns and continued by applying 
the “cross product” rule to find the answer (Fig.36). Again, the tables used are just 
delivering the information of the given in a more structured way that helps students 
apply a formula or a rule that works to reach a correct solution.  
 
           Figure 35. “Tables”/Pre-test                            Figure 36. “Tables”/Pre-test    
Moreover, some students of CG attempted to use representations; however they 
lacked labels and accuracy (Fig.37-38) . The representations aimed at organizing the 
information presented in the given of Pre-scale and Pre-cost/benefit problems. In 
figure 37, the representation is a drawing of a road divided into two lanes as 
described in the problem’s text. But this picture doesn’t interfere with the solution; 
the CG’s participant wrote next to the drawing a proportion and used the “cross 
product” rule to find the answer. In figure 38, there was an attempt to make a 
diagram (as called in the textbook) to arrange the values before applying the “cross 
product” rule. These representations show that students are not used to implement 
pictures and diagrams that help them in finding answers; they’re just used to 
representations that describe the physical appearance of the problem. 
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            Figure 37: “Drawing Picture”/ CG                           Figure 38: “Making diagram”/CG 
Post-test.  Participants of both CG and EG implemented representations in their 
post-tests, however, new types of representations appeared in EG’s solutions such as 
graphs and combined representations (Table 8).  
Table 8: Types of representations used by CG and EG in the Post-test. 
 
 
 
 
Moreover, the tables and the equations that were used as main representations by 
both EG and CG in the pre-test were also used by both EG and CG in the post-test; 
however, EG participants implemented them for a different purpose. CG participants 
kept using tables as tools for communicating mathematical information (Fig.39); 
however EG participants used them in the post-test as tools for thinking and problem 
solving (Fig.40). 
 CG EG 
MT 14.25% 6.25% 
MG 0% 8.825% 
MD 23.525% 27.9% 
DP 5.86% 7.35 
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                   Figure 39. “Making Table”, CG                           Figure 40. “Making Table”, EG 
 
In Figure 39, the participant in CG arranged the values in two rows then applied the 
“cross product” rule to find the answer; whereas the participant of EG constructed a 
table where he placed the values of the two quantities and drew arrows that showed 
the relationship between the values of the same quantity. Afterwards he used this 
relationship to find the solution for the problem. Thus, the table is used as a tool for 
thinking and problem solving. It should be noted that the representation used in 
Figure. 40 is a combined representation of a table and a diagram; the table to 
organize the values and the diagram to show the mutual change between the values 
using arrows. This new type of representation created as a tool for problem solving 
reveals a development in proportional reasoning and problem solving abilities. 
Moreover, participants in EG used graphs (Fig.41) and diagrams (Fig.42) as problem 
solving strategies. EG participants were able to notice the rate of change between the 
quantities through the representations that they were constructing. In figure 41, the 
participant found the answer for Post-rectangles/time problem by drawing a 
convenient graph. Then, he translated the graph into an equation y=2x that shows 
clearly the coefficient of proportionality. In figure 42, the participant constructed a 
diagram and related it to a reproduced representation from Post-rectangles/time 
problem’s given. He drew arrows to show the rate of change between the values of 
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the same quantity and related them to the initial representation in the given of the 
problem. Again, EG participants were able to combine representations to reach the 
desired solution, showing an advance in both proportional thinking and problem 
solving abilities through the implementation of multiple representations.  
        
   
      
     In conclusion, the pre and post-tests analysis showed that the participants of both 
CG and EG mostly implemented tables in their pre-tests to organize and 
communicate the mathematical information presented in the given of the problems. 
Moreover, some students attempted to use diagrams and pictures but they used them 
for the same purpose, to express the information in a new way that facilitates the 
writing of a certain rule to solve the problem. On the other hand, the representations 
such as tables, graphs and diagrams that were used in the post-tests by EG were 
implemented as tools for thinking and problem solving.  Furthermore, the combined 
representations such as diagram-table and diagram-picture created by some students 
to solve the problems revealed the development of proportional thinking and problem 
solving abilities.       
 
 
Figure 42. “Diagram-Picture” in Post-
rectangles/time problem 
 
Figure 41. “Making Graph” in Post-
rectangles/time problem 
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4.2 Quantitative Analysis 
     Data representing scores of students in the control group (CG) and in the 
experimental group (EG) is originally entered into a Microsoft Excel sheet according 
to three problem solving criteria approach and reasoning, solution and 
representations, which is then transferred to the Statistical Package for Social 
Sciences (SPSS), version 22. 
The data collected from the students falls into one of the following three categories: 
a) Baseline information, such as the intervention to which each group was 
assigned, as well as the achievement level (the three levels mentioned 
earlier),  
b) Pre-test data, which included the scores of the three problem solving 
criteria (approach, representation and solution). 
c) Post-test data, which includes the scores of the three problem solving 
criteria (approach, representation and solution). 
     Data analyses are carried out at two levels: 
1- Descriptive level: Data is summarized and presented as numbers and 
percentages, means and standard deviations (SD). 
2- Bivariate level: the association between scores between the two groups is 
assessed using the Mann Whitney test.  The difference between the different 
scores of students within the same group is assessed using the Wilcoxin rank 
test.  
     Moreover, students in each of the two groups are divided into three categories 
based on their achievement level (as mentioned in the Methods chapter). 
Accordingly, stratified analyses are carried out according to these groups to identify 
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whether the intervention has more or less effect in one of these groups. Statistical 
significance is identified at a 0.05 level.   
4.2.1 Whole sample analysis (Table 9) 
     After analyzing the overall results of the pre-test and the post-test regarding each 
of the three criteria that are assessed in students’ problem solving, it is found that the 
improvement in students’ problem solving abilities in CG regarding approach and 
reasoning criterion is 3.3 % (sd=12.7%); however in EG the improvement is 7% (sd 
=16.8%) with a p-value of 0.47. As for the solution criterion, no improvement is 
detected 0% (sd=10.6%) for CG; whereas an increase of  2.9%( sd =12.8%) is 
noticed in EG with a p-value of 0.7. The improvement in students’ problem solving 
abilities in CG regarding representations criterion is 19.6 % (sd=17.4%); however in 
EG, the improvement is 42.7% ( sd =24.3%) with a highly significant p-value of 
0.01.   
Therefore, CG has shown a little progress concerning approach, reasoning and 
solution problem solving criteria, but made a greater  improvement in 
representations. As for EG, an improvement is revealed throughout the three 
problem solving criteria but the greater progress was regarding representations 
criterion with a highly significant p-value. 
Table 9: Comparison between improvement of CG and EG per problem solving 
criterion 
Variables CG EG P 
value 
Total sample n=17 n=17  
Overall improvement of the approach 
criterion 
3.3% 
(±12.7%) 
7.0% 
(±16.8%) 
0.47 
Overall improvement of the 
representations criterion 
19.6% 
(±17.4%) 
42.7% 
(±24.3%) 
0.01 
Overall improvement of the solution 
criterion 
0.0% 
(±10.6%) 
2.9% 
(±12.8%) 
0.70 
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4.2.2 Stratified analysis conducted on groups according to achievement levels 
     A similar analysis to the one conducted on the whole sample is performed again 
on the three groups that determine the three achievement levels: low, average and 
high. This analysis aims to examine the achievement level per problem solving 
criterion (approach and reasoning, solution and representations) for each of the 
groups.  It should be noted that the difference in the mean scores did not show a 
statistical significance for each criterion in the low, average and high achieving 
groups. The reason for this result is the small students’ sample that is chosen for this 
study. However, the positive effect of the instructional unit rich in representation is 
verified through the increase in experimental group scores.  
4.2.2.1 High achievers (Table 10) 
     The sample size for the high achieving groups is 5 for EG-H and 4 for CG-H. The 
CG-H’s problem solving abilities regarding the approach and reasoning criterion 
regressed by 1.56% (sd=3.1%); however, EG-H showed an improvement of 5% 
(sd=6.84%). On the other hand, the association between the two groups is not found 
to be statistically significant (p-value= 0.11). Regarding the solution criterion, there 
is also a regression in the performance of CG-H by 2.1% (sd=4.2%) as for EG-H, 
there was no change in their performance 0% (sd=0%). Regarding the 
representations criterion, an improvement of 37.5%(sd=8.3%) is noticed in CG-H 
and a greater improvement of  65%(sd=3.7%) for EG-H is identified with a highly 
significant p-value of 0.01. 
Therefore, for the high achieving groups, CG-H has shown a slight regression in 
performance regarding the approach and reasoning as well as in the solution 
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problem solving criteria. However, this same group improved regarding the 
representations criterion. As for EG-H, an improvement is noticed throughout 
approach and reasoning, solution criteria, and a greater improvement shows at the 
level of representations criterion with a significant p-value between the scores of the 
two groups. 
Table 10: Comparison between improvement of CG-H and EG-H per problem solving 
criterion  
 
4.2.2.2 Average achievers (Table 11) 
     The sample size for the average achieving groups is 8 for EG-A and 9 for CG-A. 
CG-A’s problem solving abilities regarding the approach and reasoning criterion 
improved slightly by 6.3% (sd=16.8%), where on the other hand, EG-A showed an 
improvement of 8.6% (sd=23.4%). Yet, the association between the two groups is 
not found to be statistically significant (p-value= 0.88). Regarding the solution 
criterion, there is almost no change in the performance of CG-A, 0.9% (sd=14.7%) as 
for EG-A, the participants improved by 8.3% (sd=11.8%)  with a p-value of 0.92. 
Regarding the representations criterion, a progress of 16.7% (sd=13.8%) for CG-A is 
noticed while the results of EG-A show a greater progress of 40.6% (sd=21.1%) with 
a well significant p-value equals to 0.03. 
Variables CG-H EG-H P 
value 
 n=4 n=5  
Overall improvement of the approach 
criterion 
-1.56% 
(±3.1%) 
5% (±6.84%) 
0.11 
Overall improvement of the 
representation criterion 
37.5% 
(±8.3%) 
65% (±3.7%) 
0.01 
Overall improvement of the solution 
criterion 
-2.1% (±4.2%) 0.0% (±0.0%) 
0.26 
92 
 
Therefore, for the average achieving groups, CG-A improved slightly in the 
approach and reasoning, solution criteria but a greater progress showed in 
representations. However, EG-A has made a greater improvement throughout all the 
criteria especially for representations. Consequently, a statistical significance is 
showing between the two groups regarding the representations criterion.  
Table 11: Comparison between improvement of CG-A and EG-A per problem solving 
criterion  
 
4.2.2.3 Low achievers (Table 12) 
     The sample size for the low achieving groups is 4 for each of EG-L and CG-L. 
CG-L’s problem solving abilities regarding the approach and reasoning criterion 
developed by 1.6% (sd =6%); however, EG-L showed a greater improvement that is 
equal to 6.3% (sd =12.5%). As for the p-value (0.23), it didn’t show a statistical 
significance between the two groups. Concerning the solution criterion, there is no 
change in the performance of CG-L 0% (sd =0%) as for EG-L, they improved by 
8.3% (sd=11.8%). Again the p-value that is equal to 0.13 showed no statistical 
significance between the groups. Regarding the representations criterion, both 
groups improved, CG-L by 8.3% (sd=20.4%) and EG-L by 18.8% (sd=21.9%) with 
also no significant p-value (0.37). 
Therefore, for the low achieving groups, CG-L has made almost no change in the 
approach and reasoning, solution criteria but improved slightly in representations. 
Variables CG-A EG-A P 
value 
 n=9 n=8  
Overall improvement in the  approach 
criterion 
6.3% 
(±16.8%) 
8.6% (±23.4%) 
0.88 
Overall improvement in the 
representation criterion 
16.7% 
(±13.8%) 
40.6% 
(±21.1%) 
0.03 
Overall improvement in the solution 
criterion 
0.9% 
(±14.7%) 
2.1% (±17.1%) 
0.92 
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However, a minor improvement is done by the EG-L regarding the three criteria but 
no statistical significance is noted.  
Table 12: Comparison between improvement of CG-L and EG-L per problem solving 
criterion  
 
  As a conclusion, EG shows noticeable improvement in the representations criterion 
linked to the progress in approach and reasoning and solution problem solving 
criteria. As for CG, less progress is noticed regarding the representations criterion. 
Together with almost no change in the performance with respect to approach and 
reasoning and solution problem solving criteria. While no statistically significant 
results were found for the approach and reasoning and the solution criteria, a p-
value of 0.01 is identified, which shows a highly statistical significance between the 
two groups regarding representations criterion scores. 
Summary of all Findings 
     The results obtained from the qualitative analysis of class observations, Lebanese 
Math curriculum document and grade-eight and seven textbooks show that 
representations are integrated as communication tools to exchange mathematical 
facts. The role of representations as tools for thinking and problem solving is 
ignored; it is limited to the use of tables and equations that favor the procedural 
thinking over the conceptual understanding and reasoning of the concept.  
Variables CG-L EG-L P 
value 
 n=4 n=4  
Overall improvement in the approach 
criterion 
1.6% (±6.0%) 6.3% (±12.5%) 
0.23 
Overall improvement in the 
representation criterion 
8.3% 
(±20.4%) 
18.8% 
(±21.9%) 
0.37 
Overall improvement in the solution 
criterion 
0.0% (±0.0%) 8.3% (±11.8%) 
0.13 
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 The qualitative analyses of tests and clinical interviews revealed an improvement in 
favor of high and average achieving participants in EG regarding approach and 
reasoning and representations problem solving criteria; they were able to approach 
the problems using representations as tools for thinking unlike low achievers who 
were using them as means to organize mathematical information. Together, no 
change was identified in their solutions. As for CG, improvement was noticed only in 
the use of representations; however, they were just tools used to organize values and 
apply a certain rule or formula while solving problems.  
As for the types of representations used, the qualitative analysis of the tests showed 
that both groups EG and CG implemented only tables and equations to organize 
mathematical information while solving the problems of the pre-test. The same two 
types of representations also appeared in the post-test; they were used by CG as 
classification tools but by EG as problem solving tools. Moreover, EG participants 
were able to construct multiple representations such as graphs and diagrams and 
create combined representations such as table-diagram and picture diagram that 
helped them in problem solving. 
In the same way, the quantitative analysis of the tests show that EG has made a 
noticeable improvement in the representations criterion linked to a progress in 
approach and reasoning  and  solution  problem solving criteria. As for CG, a 
slighter progress was noticed in the representations criterion. Together with almost 
no change in the performance with respect to approach and reasoning and solution 
problem solving criteria. While no statistically significant results were found for the 
reasoning and the solution criteria, a p-value  of 0.01 is identified, which shows a 
highly statistical significance between the two groups regarding representations 
criterion scores. 
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CHAPTER FIVE 
DISCUSSIONS AND CONCLUSION 
     This study aimed to investigate whether it is possible to improve proportional 
reasoning and enhance the development of students’ problem solving abilities at 
grade eight level by extensively using and exploiting visual representations.  In 
particular, the research intended to answer four research questions. Each of these 
research questions is discussed individually, in attempt to provide answers (though 
partial), by using findings from analysis of data obtained from the different 
instruments. 
5.1 Discussion by Research Question 
This section attempts to answer the research questions using the data analysis and 
synthesizing the results collected through multiple instruments. 
5.1.1 Research Question 1 
How are the used representations in the Lebanese curriculum and Mathematics 
textbooks at the middle school level designed to assist teachers and learners in 
developing problem solving abilities? What are their status and functions? 
      The analysis of the Lebanese Math Curriculum document (ECRD, 1999) that is 
completed in terms of representations reveals the integration of representations in the 
document text under “Communication”. It is realized that the developers of this 
document limit the status and function of representations to communication tools. 
Moreover, the Lebanese Math Curriculum that claims its commitment to learning 
through problem solving and encourages the learning of different solving strategies 
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to overcome problem solving difficulties disregards the use of representations as 
tools for thinking and problem solving. Furthermore, the Lebanese Math Curriculum 
inspired by the NCTM standards (1989) has not followed the changes effected to the 
NCTM (1989) standards presented in the NCTM (2000) “Principles and Standards”. 
This restructuring necessitates the integration of representations into the curriculum 
not only as tools for organizing, communicating and recording mathematical 
information but also as problem solving strategies. 
     In the same way, the representations that show in the current grade-seven and 
grade-eight textbooks are used to express mathematical information in a way that 
helps detecting proportional sequences ignoring their effective role as tools for 
problem solving. Besides, the proportionality chapters under analysis in both grades 
are rich in word problems; however none of them suggests representations as 
strategies for solving. These findings verify the aim set for representations in the 
curriculum as being only communication tools to exchange mathematical facts. 
     In conclusion, the instructional unit developed for the purpose of this study aimed 
at integrating representations in the teaching/learning process as tools for both 
communication and thinking while solving problems. Representations are expected 
to fulfill the commitment of the Lebanese National Curriculum to learn through 
problem solving. 
5.1.2 Research Question 2 
How does the implementation of lessons rich in representations induce the usage of 
graphs, tables, diagrams, number lines and pictures by grade eight students as 
problem solving strategies while working on “Proportions”? 
97 
 
     This question is answered using the results obtained from the quantitative and 
qualitative analyses of students’ tests and clinical interviews. At first, the 
achievement of EG is compared to that of CG prior and post to the implementation of 
the instructional unit rich in representations with EG. Afterwards, the progress in the 
development of problem solving abilities for the two groups, while working on the 
“Proportions” unit, is analyzed according to the participants’ test scores. Although 
the two groups started approximately at the same achievement baseline, prior to any 
intervention, regarding the three problem solving criteria (approach and reasoning, 
solution and representations), the experimental group showed a greater difference in 
the mean achievement scores post to the implementation of the unit rich in 
representations. While the difference in the mean scores did not show a statistical 
significance except for the representations criterion, the positive effect of the 
instructional unit rich in representations is verified through the increase in 
experimental group scores. In fact, significance is difficult to appear since the sample 
size chosen for this study is considered as small (34 students) and the time specified 
for the intervention is short (one week). Moreover, the qualitative analysis of 
students’ representations reveals a functional use of representations in EG. 
Participants in this group were able to construct tables, diagrams and graphs and shift 
among them to solve the problems in the post-test. Consequently, representations 
were used as tools for thinking; not only “pour la forme” but also for problem 
solving. EG’s participants who made no attempt to use any representation in the pre-
test and had the “cross product rule” as their main strategy to solve proportionality 
problems were able to construct diagrams, make graphs and tables that demonstrate 
the mutual change between the different quantities. Although the time spent in using 
multiple representations as problem strategies and shifting among them was short, 
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the results of EG show that representations as problem solving tools do promote 
conceptual reasoning and understanding. 
5.1.3 Research Question 3 
What are the types of external representations used by grade eight students in solving 
proportionality problem situations?  
     This question is answered using the results obtained from the qualitative analysis 
of the class observations and pre and post-tests that detected the types and the 
functions of representations used by the students. While the class observations and 
the pre-tests revealed the usage of the same two types of representations (tables-
equations), new types are identified in the post-tests.  However, the equations and 
tables also appeared in the post-test but they were used differently. The function of 
these two representations limited to “display” the problem given in the pre-test was 
developed to “thinking” and “problem solving” in the post-tests. Students used 
graphs, diagrams, equations and tables functionally to show the proportional 
relationship between the different quantities. Diagrams were used to find the 
qualitative and the quantitative relationships between the values, graphs and tables 
were helpful to detect the factor of change between the quantities. So, these multiple 
representations were not just used “pour la forme” but also as problem solving 
strategies.  
In conclusion, this study in its purpose aimed at investigating whether the 
“extensive” use of representations induces their implementation as problem solving 
tools. However, representations were not just developed  in number but also in 
function. Diagrams, graphs, tables, equations and number lines were integrated into 
the teaching/learning process to promote their use as tools for thinking and 
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conceptual understanding. Results show that integrating representations in the 
teaching/learning process developed the students problem solving abilities. 
Moreover, students were able to create combined-representations and use them as a 
new problem solving approaches to reach the desired solution. A longer intervention 
period might have induced other types of representations to be used as problem 
solving strategies. 
5.1.4 Research Question 4  
How does the extensive use of visual representations enhance grade eight students’ 
Proportional reasoning and problem solving abilities? 
     The comparisons that are made to investigate the effect of the instructional unit 
rich in representations on the development of problem solving abilities reveal, as 
mentioned earlier in the discussion of research question 1, no statistical significance 
regarding approach and reasoning and solution criteria. However, the results 
obtained from the pre and post-tests show a shift in favor of the experimental group. 
Therefore, visual representations have an effect on EG problem solving abilities, 
mainly the use of representations. Besides, the implementation of a unit that puts 
more emphasis on the construction of knowledge, improvement of problem solving 
abilities, teaching/learning through problem solving and use of representations 
promotes the development of problem solving abilities. A closer look at the 
performance of  EG through the qualitative analysis of the participants’ tests shows a 
shift in the abilities that fit in the approach and reasoning criterion from applying 
one main procedure into using multiple strategies to solve the problem and verify the 
answers obtained. The approaches used demonstrate conceptual understanding of 
proportionality for high and average achievers. Moreover, proportional reasoning is 
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also identified in their work. However, low achievers are still applying a procedural 
approach in solving; they use representations that facilitate the writing of the rule or 
formula to be used in problem solving. As for the solution criterion, high and average 
achievers were able to reach correct answers prior and post to the intervention but the 
low achievers are kept with mathematical errors that affect their answers. In fact, the 
intervention period was short; longer periods might have affected low achievers’ 
performance more notably. 
5.2 Comparison with the literature 
   Results of this study showing that the implementation of lessons rich in 
representations induces their usage as problem solving strategies and promote the 
development of problem solving abilities consent with a study by Brenner et al. 
(1997) who applied a similar approach on an algebra unit and showed that 
representation skills helped closing the gap formed between arithmetic and algebra; 
students were able to represent functional relationships in words, graphs, tables, etc. 
and translate among these different representations. It also concurs with the results of 
a study conducted by Greeno and Hall (1997) who found that it is important for 
students to ‘practice representations’ which is the act of involving them in social 
practices that require the use of multiple representations such as graphs, tables, 
arithmetic expressions and equations to reason and communicate their understanding 
while solving real life problem situations. Along similar lines, Canterbury (2007) 
argues that students need to be provided with a wide variety of representations in 
different previous situations before they are asked to use them independently. 
Consequently, using representations over a longer period of time might have 
produced more ample differences in the results of low achievers in this study. 
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Moreover, the results of this study that representations are not just tools for 
communication but also tools for thinking and understanding coincide with the 
NCTM standards (2000) that clarify the function of a representation as being “a tool 
for both communicating information and understanding“. The multiple 
representations such as graphs, diagrams and tables used by CG in this study are 
found to be effective tools for problem solving; this result assents with other studies 
suggestions to use representations as tools for conceptual understanding such as 
diagrams that are schematic visuals to illustrate relationships between the different 
parts of the problem unlike pictures and icons that describe only its physical 
appearance (Zahner and Corter, 2010). The types of representations used by students 
in this study such as diagrams also coincide with the two types of number relations 
stated by Vergnaud (1983), the scalar and the functional that are also promoted by 
Lamon (1994) to be effective tools for the development of proportional reasoning 
either qualitatively or quantitatively. The combined type of representations used by 
the students in this study confirms Lamon’s (2001) suggestion to help students 
construct their knowledge by using different representations from the ones used in 
class during instruction. The creation of new representations and explanations in new 
situations reveals students’ robust understanding of the concepts. The invariable 
results obtained by the quantitative analysis regarding solution criterion agree with 
Watt (2005) who claims that measuring students’ performance in the mathematics 
tasks nowadays is no more limited to knowledge correctness. Besides, the close look 
at the students’ approaches assents Cohen and Fowler’s (1998) explanation that the 
tools and the strategies used must be able to assess the student’s understanding of a 
certain concept. 
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5.3 Conclusion 
      While the focus of mathematics education nowadays is shifted towards teaching 
and learning through problem solving, the latter is progressively more integrated into 
teaching/learning processes and increasingly used as a topic for research.  This study 
demonstrates the implementation of a unit rich in representations to teach/learn 
“Proportions” in a problem solving context. Thirty-four students in grade eight were 
selected for the purpose of this study and divided into experimental and control 
groups. The experimental group learned “Proportions” using an instructional plan 
rich in representations and the control group using the regular way suggested by the 
textbook. The intervention was completed in five sessions of 50 minutes each. The 
instruments used in this study were tests; they were presented to students of both 
groups prior and post to the intervention. Results show that the implementation of 
lessons rich in representations specifically in the unit on “Proportions” induces the 
usage of representations as problem solving strategies that promote the development 
of proportional reasoning and problem solving abilities. 
5.4 Limitations of the Study 
     This study has several limitations. The sample used is considered as small (34 
students) and not representative of all Lebanese students following the Lebanese 
curriculum since the sample is conveniently chosen from one school in a specific area 
in Lebanon. Consequently, the results cannot be generalized; however, they can 
provide insight for better understanding of the situation.  Moreover, the time specified 
for the intervention is short (one week) and the sudden extensive implementation of 
multiple representations presented a complexity for some students in the experimental 
group.  
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5.5 Perspectives for further research 
     For the purpose of generalizing the results, this research or a similar one need to 
be conducted over a bigger sample of students. Moreover, similar studies that 
investigate the effect of representations need to be completed over a longer period of 
time and covering other chapters or grade level. 
5.7 Some Recommendations 
     Based on the findings of this study, the following recommendations come in 
place: 
1. “Problem solving” is recommended as a learning approach not only as a goal 
for learning mathematical concepts. Students must be provided with more 
opportunities to learn through problem solving of real life situations that is 
essential in promoting students’ mathematical understanding of concepts, 
processes and techniques. Students’ understanding needs to be self-generated 
instead of being imposed by a teacher or a textbook. 
2. Awaiting a complete reconstruction for the Lebanese mathematics curriculum 
and textbooks to be accomplished, teachers are advised to properly include and 
implement multiple representations in both curriculum and approaches used for 
any lesson in order to enhance the understanding of the concepts and equip 
students with tools that will contribute to the development of problem solving 
abilities. 
3. The Lebanese authorities are advised to collaborate with education specialists 
in order to integrate representations in both curriculum and textbooks not only 
as a “communication” tool but also as a “problem solving” tool. 
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4. Teachers are asked to implement a truly student-centered approach in learning 
that allows students to build their own knowledge while interacting socially 
with others.  
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APPENDICES 
Appendix A 
 Pre-test 
Name:         Date: 
Grade 8:         Time:50 minutes
         
 
 
 
 
 
 
 
 
Problem One 
Three CD’s cost 21,000 L.L. 
What is the price of 12 CD’s? 
 
Problem Two 
80 liters of fuel cost 48,000 L.L. 
 Nada paid 54,000 L.L. How many liters of fuel did she get?  
 
Problem Three 
The width of a two-lane highway is 800cm.  
Calculate its width on a map knowing that each 4cm on the road are 
represented by 1cm on the map. 
 
Instructions: 
- You are given 4 independent problems to solve. You are free 
to use any strategy to find a solution to each of the problems.   
- Write all necessary justification, diagrams, drawings etc…  
on this paper. 
- If you feel a need to explain why you chose a specific step, 
please do so next to the related step. 
- Relax and be creative! 
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Problem Four  
The table below shows the distance travelled by a car during different 
durations. 
 
 
 
 
Is the car moving at a constant speed? Justify. 
What distance will this car have covered after 7 hours? Show your 
work. 
 
 
 
 
 
 
 
 
 
 
Time in hours Distance in miles 
2 120 
3 180 
4 240 
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Appendix B 
 Post-test 
Name:         Date: 
Grade 8:         Time:50 minutes
         
 
 
 
 
 
 
 
 
Problem One 
 
The distance between two cities is 2400 km. They are shown to be 
12cm apart on a map.  
What is the actual distance between two cities that are shown to 
be 18cm apart on the map?  
 
Problem Two 
Imagine you won the lotto and the prize was €1,000,000. You don’t 
know how many other people also had the winning numbers so you 
are speculating on how much you will collect. If you are the only 
winner then you collect €1,000,000. However, if there are 2 winners 
you collect €500,000. Find the amount of money collected if 
there are 8 winners. 
Instructions: 
- You are given 4 independent problems to solve. You are 
free to use any strategy to find a solution to each of the 
problems.   
- Write all necessary justification, diagrams, drawings etc…  
on this paper. 
- If you feel a need to explain why you chose a specific step, 
please do so next to the related step. 
- Relax and be creative! 
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Problem Three 
It takes 16 hours for 2 people to resurface a gym floor.  
How long would it take 6 people to do the job? (All workers 
work at the same speed). 
 
Problem Four 
The diagrams show the amount of hay eaten by a horse made from 
rectangles, How many rectangles does a horse eat in 8 weeks? 
                           
 
 
 
 
 
 
 
 
 
 
 
 
          
          
          
2 weeks 
4 weeks 
6 weeks 
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Appendix C 
Instructional Unit on “Proportions”  
(Experimental Group) 
     This unit is made of two lessons that will be covered in a regular classroom 
within a week. The objectives of the unit will be as modified in terms of 
representations. Multiple representations will be employed extensively in the 
class of the Experimental Group. Students will be working individually, in 
pairs or in groups and following the teacher’s instructions to complete the 
assigned work. 
Title of the Unit: Proportionality 
Grade Level: Grade 8 
Number of Sessions: 5 
General Objectives of the Unit:  
By the end of this unit,  students need to be able to: 
1. Identify directly and inversely proportional quantities; 
2. Write mathematical statements expressing two directly or inversely 
proportional quantities; 
3. Use representations such as equations, graphs, tables and diagrams to solve 
inverse and direct proportional problem situations. 
Table of Sessions 
Session Number Topics and skills covered 
Session 1 Introductory session and review of Ratio, Rate and 
Proportion concepts. 
Sessions 2-3 Directly Proportional Relationship  
Sessions 4-5 Inversely Proportional Relationship  
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Session 1 (Preparatory session):  Review of Ratio, Rate and Proportion 
Concepts. 
  (50 minutes) 
Specific objectives of the session:  
At the end of the session, students need to be able to: 
 Identify and write a ratio, a rate and a proportion; 
 Identify a proportional sequence; 
 Identify and calculate the coefficient of proportionality; 
 Calculate the fourth term of a proportion; 
Materials: 
Activity sheet 1, Class work sheet 1, Practice sheet 1, Assessment sheet 1. 
Introduction:  
After dividing the students into pairs, the teacher will distribute Worksheet 1 
containing three activities about Ratio (Theatre problem), Rate and Proportion 
(Pricing problem) and Proportional Reasoning (Crocodiles’ growth problem). 
Each pair will be asked to solve the first two activities within 10 min. After 
that, students will present their work (each pair one question) within 10 min to 
deduce the definitions of Ratio, Rate and Proportion. 
Procedure:  
Students will be divided into groups and asked to solve Activity 3 
(Crocodiles growth) in the worksheet within 5 min. This problem situation 
allows the students to reason proportionally and distinguish the additive 
thinking from the multiplicative thinking while working on proportions. After 
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that, each group of students will explain the reasoning used to solve the 
problem situation within 10 min. 
 
Practice class work:  
Practice class work sheet 1. (10 min) 
Assignment:  
Practice homework sheet 1. 
Assessment: 
Assessment sheet 1. (4min) 
Closure: 
Review orally the concepts of Ratio, Rate, Proportion, Proportionality 
coefficient. (1min) 
Sessions 2-3: Directly Proportional Relationship. (100 minutes) 
Specific objectives of the session:  
At the end of these two sessions, students need to be able to: 
 Identify directly proportional quantities; 
 Write mathematical statements expressing two direct proportional 
quantities; 
 Use representations such as equations, graphs, tables, diagrams to 
solve directly proportional problem solving. 
Materials: 
Activity sheet2, Class work sheet 2, Practice sheet 2, Assessment sheet 2. 
Introduction:  
Review the concepts of Ratio, Rate and Proportion for 1min, Correct the Home 
Practice Worksheet 1 within 9min. After that, the teacher divides the students 
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into groups and distributes Activity sheet 2 containing two activities; the first 
describing a non-proportional relationship and the other a directly proportional 
relationship between different quantities. Each group of students will be asked 
to solve the first activity within 10min. After that, students will present their 
work (each group two questions) within 10min to distinguish the additive 
thinking from the multiplicative thinking while working on proportions 
Procedure:  
The groups of students will be asked to solve Activity 2 (parts a till h) in the 
worksheet within 10min. After that, each group of students will present their 
work (each group two questions) within 10min to explain the proportional 
reasoning used to solve the problem situation. Parts “f” and “h” will be 
discussed in order to highlight the use of representations (equations and 
diagrams) in solving directly proportional problem situations. (15min) 
As collaborative work, the two problems in Activities 1 and 2 will be modelled 
using graphs to distinguish a proportional relationship from a non-proportional 
one. (15min) 
Practice class work:  
Practice class work sheet 2. (10 min) 
Assignment:  
Practice homework sheet 2. 
Assessment: 
Assessment sheet 2. (8min) 
Closure:  
Review the concept of direct proportionality, constant ratio and how they are 
implemented in problem solving. (2min) 
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Sessions 4-5: Inversely Proportional Relationship. (100 minutes) 
Specific objectives of the session:  
At the end of these two sessions, students need to be able to: 
 Identify indirectly proportional quantities; 
 Write mathematical statements expressing two indirectly proportional 
quantities; 
 Use representations such as equations, graphs, tables, diagrams to 
solve indirectly proportional problem solving. 
Materials: 
Activity sheet3,  Class work sheet 3, Practice sheet 3, Assessment sheet 3. 
Introduction:  
Review the concept of directly proportional quantities and the four types of 
representations used to solve directly proortional problem situations (diagrams-
graphs-equations-tables) for 5min, Correct the Home Practice Worksheet 2 
within 10min. After that, the teacher divides the students into groups of four 
and distributes Activity sheet 3 containing one activity describing an indirectly 
proportional relationship between different quantities. The problem situation 
will be read loudly and discussed with the whole class to clarify the 
ambiguities. (5min).  
Procedure:  
The groups of students will be asked to solve the Activity in the worksheet 
within 25 min. After that, each group of students will present their work (each 
group four questions) within 20 min to explain the reasoning used to solve the 
problem situation. Parts “a”, “d” and “f” will be discussed in order to highlight 
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the use of representations (tables, graphs and equations) in solving indirectly 
proportional problem situations. (15min) 
Practice class work:  
Practice class work sheet 3. (15 min) 
Assignment:  
Practice homework sheet 3. 
Assessment: 
Assessment sheet 2. (10min) 
Closure: 
 Review the concept of inverse proportionality, constant product and how they 
are implemented in problem solving.(5min) 
Activity sheet 1 (Session 1) 
 Activity 1: 
The following diagram represents the reservation map of a movie theatre, 
          
          
          
          
          
          
          
          
          
          
Complete: 
a. The fraction of the reserved seats is ------. 
b. The ratio of balcony seats to that of floor seats is ------ to ------. 
c. The ratio of reserved balcony seats to that of empty balcony seats is ------ to -
-----. 
d. The ratio of reseved seats to that empty seats is ------ to ------. 
Balcony 
 Empty 
Reserved 
Main Floor 
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 Activity 2: 
The following table represents the mass and price of apples bought by Sara over a 
week. 
Mass in 
Kg 
2 3 4 2.5 5 6 5.5 
Price 2000 3000 4000 2500 5000 6000 x 
 
Complete: 
a. 
2 3 4 2.5 5 6
2000 3000 4000 2500 5000 6000
      ------ 
b. 
2x 2000
3x 3000
4x 4000
    
    
    
                      
2.5x 2500
5x 5000
6x 6000
    
    
    
 
c. x = ------- 
 Activity 3: 
At the zoo, there are two long-term resident crocodiles that have affectionately 
been named Prickles and Tiny. When they arrived at the zoo, Tiny was 4 metres long 
and Prickles was 5 metres long. Five years later, both crocodiles are now fully 
grown. Tiny is 7 metres long and Prickles is 8 metres long.  
a. How many meters did each of Tiny and Prickles increase in five years? 
Explain. 
b. Are Prickles and Tiny growing at the same rate? Explain. 
 
                                  
 
 
Tiny  Prickles 
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Activity sheet 2 (Sessions 2-3) 
 Activity 1: 
The following table shows the pattern of growth of a fast growing plant.  
Check the evolution in the height of the plant, and then answer the questions below: 
Time in Days Height in centimetres 
0 2 
1 7 
2 12 
3 17 
4 22 
5 27 
6 32 
 
 
a. What information does the table give about the pattern of growth? 
b. Supposing that the plant will continue to grow the same way, can you predict the 
height of the plant after 12 days? Can you do this in different ways? 
c. If the number of days is doubled will the height also double? 
d. After 4 days is the height double what it was after 2 days? Explain your answer. 
e. After 6 days is the height double what it was after 3 days? Explain your answer. 
f. Did the ‘doubling strategy’ work? 
g. What is the formula for the height of the plant in terms of the number of days 
elapsed and the start up value (use words first, then use symbols)? 
h. Can you explain from the formula why or  the ‘doubling strategy’ doesn’t work? 
 
 Activity 2: 
The following table represents a context where each floor in a building has 5 rooms. 
Check the number of rooms in each of the floors, and then answer the questions 
below: 
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P.S: parts a till h need to be solved as pair work and the other parts as 
collaborative work with the teacher guidance. 
 
Number of floors Total number of rooms 
0 0 
1 5 
2 10 
3 15 
4 20 
5 25 
6 30 
 
a. If you double the number of floors what happens to the total number of rooms in 
the building? 
b. If you triple the number of floors what happens to the total number of rooms in 
the building? 
c. Does the ‘doubling strategy’ work? 
d. Does the ‘tripling strategy’ work? 
e. Is the “Number of floors” proportional to the “Total number of rooms”? 
f. What is the formula relating the number of rooms to the number of floors? 
g. Can you predict from the formula, whether or not the ‘doubling strategy’ will 
work? 
h. How many rooms in total would be in a building which has 9 floors? Can you find 
the answer in different ways? (Use diagrams if possible) 
i. Plot graphs for the above two tables from Activity 1 and Activity 2. 
j. What is the same about the two graphs? What is different about the two graphs? 
k. For which graph will the ‘doubling strategy’ work? Explain. 
l.  Which graph represents a situation where the variables are proportional to each 
other? 
 
124 
 
Activity sheet 3  (Sessions 4-5) 
 Activity: 
     Lerato decides to get a group of friends together to play a lucky draw game. The bigger 
the group, the more tickets they can buy, but if they win, they will have to share the prize 
among more people. The total amount of money is $ 2000. If they win the prize money, how 
much will each person get?  
a. Make up a table showing number of winners and the corresponding amount won 
per person. 
b. Plot a graph of prize collected per winner against number of winners. 
c. Describe the graph. 
d. What formula relates winnings per person, number of winners and total value of the 
prize? 
e. As the number of winners doubles what happens to the amount of money each 
winner gets? 
f. As the number of winners triples what happens to the amount of money each winner 
gets? 
g. As the number of winners quadruples what happens to the amount of money each 
winner gets? 
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Practice Class Worksheet 1  
 Exercise 1: 
Fill in the following table: 
Ratio Notation Picture 
2 to 5  
  
  
5:6  
 
 Exercise 2: 
The three tables below show the distance travelled by three cars.  
 
a. Which car is not moving at a constant speed? Justify. 
b. What distance will Car1 cover after 7 hours? Show your work. 
c. How much time does Car 2 take to cover 1200 miles? 
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Practice Class Worksheet 2  
 Exercise 1: 
In Home Economics students made gingerbread men. They used 2 raisins for the 
eyes and 1 raisin for the nose on each one.  
a. Represent this information in a table showing the number of raisins used for 0 
to 5 gingerbread men. 
b. In each of the answers, state the number of raisins used in symbols (for 
example dots representing raisins). 
c. Plot a graph to model the situation. 
d. Does the ‘doubling strategy’ work here? Explain from the graph, table and 
symbols. 
 
 Exercise 2: 
The following graph shows the relationship between distance and time as Glenda 
swims. 
 
e. How far did Glenda swim in 4 seconds? 5 seconds? 
f. Is this a proportional relationship? Explain your answer. 
g. Write an equation that shows the relationship between time and distance. 
h. Use your equation to find how long it will take in minutes for Glenda to swim 
1mile or 5280feet. 
 
127 
 
Practice Class Worksheet 3  
 Exercise 1: 
Meryl wants to make a rectangular garden with an area of 16 m
2
. 
d) Draw up a table to show a few possible length and width measurements of the 
garden bed.  
e) Do the measurements have to be whole numbers? Explain.  
f) Draw a graph to show the relationship between the length and the width of 
the garden bed.  
 
 Exercise 2: 
Four pipes can fill a tank in 70 minutes.  
How long will it take to fill the tank by 7 pipes? Find the solution using a diagram. 
 
 Exercise 3: 
 
Thirty-five workers can build a house in 16-days.  
How many days will 28 workers working at the same rate take to build the same 
house? Write an equation to find the solution. 
 
Home Practice Worksheet 1  
 Exercise 1: 
In a class, there are 2 boys for every 3 girls. 
a. Translate this statement into a ratio notation. 
b. Make a picture to represent the above situation.  
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 Exercise 2: 
Determine if each of the tables below is a proportionality table. Justify your 
answer. 
Miles 25 50 75 100 
Gallons 1 2 3 4 
 
Weight 1 2 3 4 
Cost 3 6 8 12 
 
 Exercise 3: 
The table below shows the money earned by a teacher for working extra 
hours. 
Hours 2 4 6 
Money Eearned 36 72 108 
 
a. Is it a proportionality table? Justify your answer. 
b. Calculate the coefficient of proportionality. 
c. Write a proportion to find the amount of money earned when the 
teacher works for 8 extra hours. 
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Home Practice Worksheet 2  
 Exercise 1: 
The following graph shows the cost of DVDs at Mega Movie . 
 
a. What is the cost of 2 DVDs? 4 DVDs? 
b. Translate the information given in this graph into a table form. 
c. Is this a proportional relationship? Justify your answer. 
d. Write an equation that shows the relationship between The number of 
DVDs and their cost. 
e. Use your equation to find the cost of 12 DVDs. 
 
 Exercise 2: 
Jason took a total of 12 quizzes over the course of 2 weeks.  
How many weeks of school will Jason have to attend this quarter before he 
will have taken a total of 18 quizzes? Use multiple representations to find 
your answer. 
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Home Practice Worksheet 3  
 Exercise 1: 
The graph below shows the variation of the speed of a biker with time. 
 
a. What type of proportionality does the graph above describe? Explain. 
b. What happens to the speed as the time increases?  
c. Arrange the information displayed in the graph above into a table. 
d. Write an equation that shows the relationship between speed and time. 
e. If the biker continues to move at the same rate, use your equation to find the 
speed of the biker after 12 hours. 
 
 Exercise 2: 
Thirty-five workers can build a house in 16 days.  
How many days will 28 workers working at the same rate take to build the same 
house? Use a diagram to find the solution. 
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Assessment Worksheet 1  
The following table shows the time needed by Sara to read her books. 
Number 
of books 
2 4 6 
Time in 
days 
8 16 36 
 
a. Is it a proportionality table? Explain. 
b. Write a proportion to find the time needed to read 7 books. 
 
Assessment Worksheet 2  
 
 Exercise one: 
At the butcher, it is suffiecient to type on the scale the price of a pound for which the 
price of a weighed piece is typed immediately. 
The following graph shows the cost of the last 6 pieces in dollars. 
Weight in  
lb 
2 3 4 5 6 7 
Cost in $ 4 6 8 10 12 14 
 
a. What is the cost of 2 lb? 4 lb? 
b. Translate the information given in this table into a graph form. 
c. Is this a proportional relationship? Justify your answer. 
d. Write an equation that shows the relationship between the weight of the 
pieces and their cost. 
e. Use your equation to find the cost of 12 lb. 
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 Exercise two: 
Eighty Liters of fuel cost 48000 L.L. How much do 90 liters cost? Use a 
diagram while working on your solution. 
Assessment Worksheet 3  
 Exercise one: 
The following table relates the speed and the time needed to cover the same 
distance. 
Speed 
(mph) 
30 40 60 120 
Time 
(hours) 
4 3 2 1 
 
a. What type of proportionality does the above table describe? Explain. 
b. What happens to the time as the speed decreases?  
c. Arrange the information displayed in the table above into a graph. 
d. Write an equation that shows the relationship between speed and time. 
e. Use your equation to find the speed when the time needed to cover the 
distance is 5 hours. 
 Exercise two: 
Twenty eight pumps can empty a reservoir in 18 hours.  
In how many hours can 48 pumps empty the reservoir? Use a diagram or a 
table while working to find the solution. 
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Appendix D 
Instructional Unit on “Proportions” 
(Control Group) 
     This unit is made of two lessons that will be covered in a regular classroom 
within a week. Activities and exercises from the book mostly and other 
resources (if needed) will be employed in Class 2. Students will be working 
individually most of the times and sometimes in pairs or in groups following 
the teacher’s instructions to complete the assigned work. 
Title of the Unit: Proportionality 
Grade Level: Grade 8 
Number of Sessions: 5 
General Objectives of the Unit:  
By the end of this unit,  students need to be able to: 
1. Identify directly and inversely proportional quantities; 
2. Write mathematical statements expressing two directly or inversely 
proportional quantities; 
3. Solve inverse and direct proportional problem situations. 
Table of Sessions 
Session Number Topics and skills covered 
Session 1 Introductory session and review of Ratio, Rate and 
Proportion concepts. 
Sessions 2-3 Directly Proportional Relationship  
Sessions 4-5 Inversely Proportional Relationship  
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Session 1 (Preparatory session):  Review of Ratio, Rate and Proportion 
Concepts. 
  (50 minutes) 
Specific objectives of the session:  
At the end of this session, students need to be able to: 
 Identify and write a ratio, a rate and a proportion; 
 Identify a proportional sequence; 
 Identify and calculate the coefficient of proportionality; 
 Calculate the fourth term of a proportion; 
Materials:  
Activity sheet 1, Class work Practice sheet, Home Practice sheet, Assessment 
sheet. 
Introduction:  
The teacher distributes Worksheet 1 containing two activities about Ratio 
(Theatre problem), Rate and Proportion (Pricing problem). She reads and 
explains each activity before solving it collaboratively with the class to deduce 
the definitions of Ratio, Rate and Proportion. (10 min) 
Procedure:  
The teacher will define the different parts of a proportion explaining that 
the product of the means is equal to the product of the extremes. Then teacher 
and students will read together “Reminder” p.160. (15min) 
 
Practice class work:  
 The teacher and the students will solve together Class work practice sheet 1, 
application 1 p.160, p.165 number 4. (20 min) 
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Assignment:  
Home work practice sheet 1, p.165 numbers 1-2. 
Assessment: 
Assessment sheet 1, p.168 number 2. (4min) 
Closure: 
Review orally the concepts of Ratio, Rate, Proportion, Proportionality 
coefficient. (1min) 
         Sessions 2-3: Directly Proportional Relationship. (100 minutes) 
Specific objectives of the session:  
At the end of these two sessions, students need to be able to: 
 Identify directly proportional quantities; 
 Write mathematical statements expressing two direct proportional 
quantities; 
 Solve directly proportional problem solving. 
Materials: 
Book 
Introduction:  
Review the concepts of Ratio, Rate and Proportion for 1min, Correct the Home 
Practice within 14min. After that, the teacher  and the students use the tables of 
Application 2, p.161 where one is describing a non-proportional relationship 
and the other a directly proportional relationship between different quantities. 
Students and teacher solve collaboratively the application 20min.  
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Procedure:  
The students with the teacher read the explanation of the book p.161 then 
students will be asked to solve Application 2 on the same page individually. 
(15 min) 
The teacher will also refer to page 164 to explain how to divide a number into 
parts directly proportional to other numbers. (15 min) 
Practice class work:  
The teacher with the students will solve collaboratively Book  p.165 numbers 
3-5, (25 min) 
Assignment:  
Practice homework p.166 number 11, p.167 number 13. 
Assessment: 
Assessment worksheet 1 – Class 1. (10min) 
Closure:  
Review orally the concepts of directly proportionality, constant ratio and how 
to use them in problem solving. (2min) 
Sessions 4-5: Inversely Proportional Relationship. (100 minutes) 
Specific objectives of the session:  
At the end of these two sessions, students need to be able to: 
 Identify indirectly proportional quantities; 
 Write mathematical statements expressing two indirectly proportional 
quantities; 
 Solve indirectly proportional problem solving. 
Materials: 
Activity sheet 3, Book. 
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Introduction:  
Review the concept of directly proportional relationship. 5min, Correct the 
Home Practice within 15min. After that, the teacher distributes Activity sheet 3 
containing one activity describing an indirectly proportional relationship 
between different quantities. The problem situation will be read loudly by the 
teacher and solved collaboratively with the whole class. (15min).  
Procedure:  
Students and teacher will solve the activity p.162 collaboratively to deduce the 
definition of inverse proportionality. Then they will read the explanation that 
follows. (15min) 
The teacher will also refer to page 164 to explain how to divide a number into 
parts that are inversely proportional to other numbers. (15min) 
Practice class work:  
Students and teacher will solve collaboratively the class work : Book page 163, 
Application 3, p.165 number 6, p.166 numbers 7-10, p. 167 number 14 (25min) 
Assignment:  
Practice homework p.166 numbers 8-9, p.168 numbers 1-3. 
Assessment: 
Assessment p.166 numbers 12-15. (8min) 
Closure: 
Review orally the concepts of indirect proportionality, constant product and 
how to use them in problem solving. (2min) 
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Activity sheet 1 (Session1) 
 Activity 1: 
There are 100 seats in a theatre, with 30 in the balcony and 70 on the main floor. 
Eighty tickets were sold for the matinee performance, including all the seats on the 
main floor. 
Complete: 
a. The fraction of the reserved seats is ------. 
b. The ratio of balcony seats to that of floor seats is ------ to ------. 
c. The ratio of balcony reserved seats to that of balcony empty seats is --- to 
---. 
d. The ratio of reserved seats to that empty seats is ------ to ------. 
 Activity 2: 
To prepare Apple Jam, Sara bought: 
 2 kg of apples for 2000L.L. on Monday. 
 3kg of apples for 6000L.L. on Tuesday. 
 4 kg of apples for 8000L.L on Wednesday 
 Complete: 
a. 
2 3 4
2000 3000 4000
   ------         b. 
 
 Help Sara to calculate the cost of the 5.5kg of apples that she bought on 
Thursday. 
 
      
 
 
2x 2000
3x 3000
4x 4000
    
    
    
 
139 
 
Activity sheet 3 – CG (Sessions 4-5) 
 Activity: 
     Lerato decides to get a group of friends together to play a lucky draw game. The bigger 
the group, the more tickets they can buy, but if they win, they will have to share the prize 
among more people. The total amount of money is $ 2000. If they win the prize money, how 
much would each person gain?  
a. Show the number of winners and the corresponding amount won per person. 
b. What formula relates winnings per person, number of winners and total value 
of the prize? 
c. There are variables and a constant in the equation. Identify the variables and 
the constant. 
d. As the number of winners doubles what happens to the amount of money 
each winner gets? 
e. As the number of winners triples what happens to the amount of money each 
winner gets? 
f. As the number of winners quadruples what happens to the amount of money 
each winner gets? 
Practice Class Worksheet 1 – Class 1 
 Exercise 1: 
Identify the statement which indicates a ratio between the following: 
a. In a class, there are 3 boys for each 2 girls. 
b. In a class, 12 students out of 20 are boys. 
 Exercise 2: 
Given the following three cars: 
 Car 1 covers 180 miles in 3 hours. 
 Car 2 covers 360 miles in 6 hours. 
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 Car 3 covers 400 miles in 7 hours. 
 
a. Which two cars are moving at a constant speed? Justify. 
b. Assuming that Car 1 will be moving at a constant speed, What distance will it 
cover after 7 hours? Show your work. 
c. How much time does Car 2 take to cover 1200 miles? 
 
 
Home Practice Worksheet 1 – CG 
 Exercise 1: 
In a cake recipe,  
 For every 3 cups of flour, 2 cups of sugar are needed. 
 One of the two sugar cups is brown sugar. 
Which one of the statements indicates a ratio? What about the other one? 
 
 Exercise 2: 
The manager at Gymbo Gym suggested a personal training job for the coaches 
after work.  
 For every 2 extra hours, $100 will be paid. 
 For every 4 hours, $200. 
 For every 6 hours, $300.  
d. Is it a proportionality sequence? Explain. 
e. Calculate the proportionality coefficient. 
f. Write a proportion to calculate the money earned in 5 hours. 
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Assessment Worksheet 1 – Class 1 
 Exercise 1: 
Sara recorded the time needed to read 6 books. 
 In 8 days, 2 books. 
 In 16 days, 4 books. 
 In 36 days, 6 books. 
a. Is it a proportionality sequence? Justify. 
b. Calculate the proportionality coefficient. 
c. Write a proportion to calculate the time needed to finish 7 books. 
Assessment Worksheet 2 – Class 1 
 Exercise 1: 
At the butcher, it is sufficient to type the price of a pound for which the price of a 
weighed piece is typed immediately. 
This is the cost of the last 4 pieces in dollars: 
1. 2 lb for  $4; 
2. 3 lb for  $6;  
3. 4 lb for  $8; 
4. 5 lb for  $10; 
a. Is this a proportional relationship? Justify your answer. 
b. Write an equation that shows the relationship between the weight of the 
pieces and their cost. 
c. Use your equation to find the cost of 12 lb. 
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Appendix E 
Sample Tables (Qualitative Analysis) 
Table 1: EG H: achievement per problem solving criterion throughout pre-test (problem 1) 
EG H Pre-test 
 EG-HP1 EG-HP2 
Approach and reasoning  Use an approach  that works . 
  Justify the application of a known 
rule (solution using the unit)  that is 
used to solve all the problem. (4) 
 Use an approach  that works. 
  Justify the application of a known 
rule (solution using the unit)  that is 
used to solve all the problem. (4) 
Solution   The answer is correct 
 The work in the solution supports 
the answer.  
 The answer is identifiable. (3.5) 
 The answer is correct 
 The work in the solution supports 
the answer.  
 The answer is identifiable. (3) 
Representations  Make no attempt to make any 
mathematical  representations to 
solve or communicate an aspect of 
his/her solution, regardless of the 
correctness of the solution. (1) 
 Make no attempt to make any 
mathematical  representations to 
solve or communicate an aspect of 
his/her solution, regardless of the 
correctness of the solution. (1) 
Conclusion 
Approach and Reasoning  Use an approach  that works  and justify the application of a known rule  that is 
used to solve all the problem. (4) 
Solution  The answer is correct and the work in the solution supports the answer.  
 The answer is identifiable. (3) 
Representations  Make no attempt to make any mathematical  representations to solve or 
communicate an aspect of his/her solution, regardless of the correctness of the 
solution. (1) 
 
Table 2: EG H: Overall achievement per problem solving criterion throughout the four problems of 
the pre-test  
EG H Pre-test 
 P1 P2 P3 P4 
Approach and Reasoning 4 4 4 3 
Solution  3 3 3 2.5 
Representations 1 1 1 1 
Conclusion 
Approach and Reasoning  Use an approach  that works  and justify the application of a known rule  that is used to 
solve all the problem. (4) 
Solution  Use an approach  that works  and justify the application of a known rule  that is used to 
solve all the problem. (4) 
Representations  Make no attempt to make any mathematical  representations to solve or communicate an 
aspect of his/her solution, regardless of the correctness of the solution. (1) 
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Table 3: EG H: achievement per problem solving criterion throughout post-test (problem 1) 
EG H Post-test 
 EG-HP1 EG-HP2 
Approach and reasoning  Use an approach  that works . 
 Makes and uses a formula (scale) 
or rule to solve all or part of the 
problem. (4.25) 
 Use an approach  that works. 
 Describe verification of her/his 
solution. 
 Show confidence that the answer is 
correct by using more than one 
process (scalar and functional 
diagrams).  
 Compare the answers to solve the 
same problem. (4.5) 
Solution   The answer is correct 
 The work in the solution supports 
the answer.  
 The answer is identifiable. (3) 
 The answer is correct 
 The work in the solution supports the 
answer.  
 The answer is identifiable. (3) 
Representations  Attempt to make an appropriate 
mathematical representation 
(table) to solve or communicate  
an aspect of the solution. 
 The representation lacks labels 
and accuracy with regard to the 
student’s solution. (2.5) 
 Make an appropriate and accurate 
mathematical representation (diagram) 
, explanatory, have labels and keys to 
solve or communicate an aspect of the 
solution. (3) 
Conclusion 
Approach and Reasoning  Use an approach  that works  and describe verification of the solution 
 Show confidence that the answer is correct by using more than one process. 
 Compare the answers to solve the same problem.(4.5) 
Solution  The answer is correct and the work in the solution supports the answer.  
 The answer is identifiable. (3) 
Representations  Makes an appropriate and accurate mathematical representation to solve or 
communicate an aspect of the solution. (3) 
 
Table 4: EG H: Overall achievement per ability throughout the four problems of the post-test  
EG H Post-test 
 P1 P2 P3 P4 
Approach and Reasoning 4.5 4.25 4.25 4.5 
Solution  3 3 3 3 
Representations 3 3 2.5 3 
Conclusion 
Approach and Reasoning  Use an approach  that works  and describe verification of the solution 
 Show confidence that the answer is correct by using more than one process. 
 Compare the answers to solve the same problem.(4.5) 
Solution  The answer is correct and the work in the solution supports the answer.  
 The answer is identifiable. (3) 
Representations  Make an appropriate and accurate mathematical representation to solve or communicate an 
aspect of the solution. (3) 
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Table 5: EG H: Comparison of achievements per problem solving criterion from pre-test to post-test 
 Pre-test Post-test Conclusion 
Approach and 
Reasoning 
 Use an approach  that 
works  and justify the 
application of a known rule 
that is used to solve all the 
problem. (4) 
 Use an approach  that works  
and describe verification of 
the solution. 
 Show confidence that the 
answer is correct by using 
more than one process. 
 Compare the answers to 
solve the same 
problem.(4.5) 
 Showed improvement by 
using different processes, 
verifying them and 
comparing answers 
instead of applying one 
simple known rule. 
Solution  The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 The answer is correct and 
the work in the solution 
supports the answer.  
 The answer is identifiable. 
(3) 
 No change: students were 
able to reach correct 
answers in both pre-test 
and post-test. 
Representations  Make no attempt to make 
any mathematical  
representations to solve or 
communicate an aspect of 
his/her solution, regardless 
of the correctness of the 
solution. (1) 
 Make an appropriate and 
accurate mathematical 
representation to solve or 
communicate an aspect of 
the solution. (3) 
 Showed improvement by 
using multiple 
representations such as 
tables, equations, graphs 
and sometimes combined 
representations such as 
tables and diagrams 
together. 
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Appendix F 
Grades 7-8: Proportionality Chapters 
Grade 8
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Appendix G 
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